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Hydrodynamic Bulge Testing:
Materials Characterization
Without Measuring Deformation
Characterizing the elastic properties of soft materials through bulge testing relies on accu-
rate measurement of deformation, which is experimentally challenging. To avoid measuring
deformation, we propose a hydrodynamic bulge test for characterizing the material prop-
erties of thick, pre-stressed elastic sheets via their fluid–structure interaction with a
steady viscous fluid flow. Specifically, the hydrodynamic bulge test relies on a pressure
drop measurement across a rectangular microchannel with a deformable top wall. We
develop a mathematical model using first-order shear deformation theory of plates with
stretching and the lubrication approximation for the Newtonian fluid flow. Specifically, a
relationship is derived between the imposed flowrate and the total pressure drop. Then,
this relationship is inverted numerically to yield estimates of the Young’s modulus (given
the Poisson ratio) if the pressure drop is measured (given the steady flowrate). Direct
numerical simulations of two-way-coupled fluid–structure interaction are carried out in
ANSYS to determine the cross-sectional membrane deformation and the hydrodynamic pres-
sure distribution. Taking the simulations as “ground truth,” a hydrodynamic bulge test is
performed using the simulation data to ascertain the accuracy and the validity of the pro-
posed methodology for estimating material properties. An error propagation analysis is
performed via Monte Carlo simulation to characterize the susceptibility of the hydrody-
namic bulge test estimates to noise. We find that, while a hydrodynamic bulge test is less
accurate in characterizing material properties, it is less susceptible to noise, in the input
(measured) variable, than a hydrostatic bulge test. [DOI: 10.1115/1.4046297]

Keywords: bulge test, pre-stressed plate, thick plate, materials characterization,
microfluidics, fluid–structure interaction, computational mechanics, elasticity, hydraulics,
internal flow, micromechanics, structures

1 Introduction
Bulge testing is a standard technique for measuring mechanical

properties of thin films of elastic materials [1,2]. In the develop-
ment of microfluidic platforms, soft polymeric materials, such
as polydimethylsiloxane (PDMS) [3], are used for rapid manufac-
ture of fluid-conveying microchannels [4,5] via soft lithography
[6]. However, the mechanical properties (such as the Young’s
modulus and Poisson ratio) of such materials are sensitive to how
the polymers are mixed, how long the mixture is cured, and the
ambient thermal conditions [7]. Therefore, bulge testing is used to
estimate the elastic properties of soft materials, such as PDMS
and also polyurethane, used in microfluidics [8,9].
A bulge test involves clamping a thin elastic sheet over an orifice

(or a window) and, then, measuring its deformation under a known
(usually uniform) pressure field [2,8,9]. The measured deformation
as a function of the known pressure load can then be converted to
strain as a function of stress by employing a suitable structural
mechanics model (e.g., the theory of linear elasticity). In turn,
knowing the stress as a function of the imposed strain allows for
straightforward estimation of the elastic modulus of the material
(assuming that the Poisson’s ratio is known) [2,8,9]. Knowledge
of the stress distribution within the structure is also used to estimate
fracture properties of the material [10–12]. Several techniques have
been proposed to improve the accuracy of “traditional” bulge tests.
These improvements include, but are not limited to, accounting for
the film’s bending stiffness [13], accounting for pre-stress in the
film [1,2], considering the possibility of buckling [14], and better
prediction of the stress distribution near edges [15] by using

elastically clamped (instead of the traditional rigidly clamped)
boundary conditions (BCs) [10,11].
One of the main sources of uncertainty in bulge tests is the exper-

imental measurement of the film’s deformation [9]. Traditionally,
deformation has been measured by interferometric techniques
and, less frequently, by high-resolution microscopy. Both of these
measurement techniques have certain limitations. On the one
hand, interferometers are prone to errors induced from external
sources of vibrations [9], which limits the spatial resolution of the
measurements and makes it difficult to accurately resolve deforma-
tions in the small-strain regime relevant to bulge testing [2,9]. On
the other hand, microscopes are not well suited to analyze
samples with high reflectance, such as PDMS [9]. Thus, there is
motivation for developing bulge testing techniques that bypass
the deformation measurement altogether.
Often, bulge testing techniques discussed in the literature have

focused on circular membranes [2], with only a few studies address-
ing the case of rectangular membranes with pre-stress [10–12,16]
using energy minimization methods [1]. Residual pre-stress (pre-
tension) is common in samples being tested because the thin film
of material has to be stretched taut over an orifice (say, a rectangular
microchannel) to ensure that it is flat before the commencement of
the experiment [17,18]. Furthermore, most of the bulge testing the-
ories in the literature assume that the film has negligible thickness
and deformations due to shear along the transverse direction are,
thus, not accounted for.
To improve upon some of these drawbacks of static bulge testing,

we propose a theory of hydrodynamic bulge tests, in which the
applied pressure load on the thin structure is due to viscous fluid
flow underneath it. We account for both uniform isotropic pre-stress
and the finite thickness of a rectangular elastic sheet. The novelty of
this approach is that it does not require a measurement of the defor-
mation profile of the elastic membrane. Through this approach, we
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are able to characterize the elastic properties of a soft material using
a mathematical model derived to relate the total pressure drop, at
steady-state, over the length of the elastic sheet to the imposed vol-
umetric flowrate of the fluid flow underneath it.
The interplay of pre-stress-induced stretching, pressure-induced

bending, and the finite thickness of a plate-like structure leads to
several different physical regimes of flow-induced deformation.
Thus, a hydrodynamic bulge test is an example of low Reynolds
number fluid–structure interaction (FSI) [19]. This problem,
rather than the problem of the deflection of circular membranes typ-
ically studied in the bulge testing literature, is more relevant to
microfluidics because PDMS microchannels’ walls are generally
not circular but rectangular [9,20]. A mathematical model of such
FSI requires the use of the lubrication approximation to obtain the
leading-order (with the flow-wise aspect ratio as the small parame-
ter) fluid flow field and then coupling it to a deformation profile
obtained under an appropriate structural mechanics model (herein,
a plate theory) [20–22]. The main result of the mathematical deriva-
tions in this work is the flowrate–pressure drop relationship for flow
in a long and shallow rectangular microchannel with a deformable
top wall. In Ref. [23], this relationship was employed to noninva-
sively measure the nonuniform hydrodynamic pressure distribution
(within a microchannel) from the wall deformation. Here, we pose
the opposite FSI problem: if the pressure profile is known, can a
mathematical model be used to infer the deformation? Then, can
the total pressure drop be used to infer the material properties of
the thin solid film that comprises the deformable channel wall?
To answer these questions in the affirmative, in Sec. 2, we first

derive the governing equations of a first-order shear deformation
plate theory, incorporating finite transverse thickness and pre-stress.
Specifically, for a long and wide geometry, the problem is reduced
to two coupled ordinary differential equations (ODEs) (in the span-
wise coordinate) for the rotation of the normal and the vertical dis-
placement (Sec. 2.2). Three regimes of deformation are delineated,
and a solution for the deformation, given an axially-varying pres-
sure load, is found in each regime (Sec. 2.3). Section 3 summarizes
the hydrodynamics problem under the lubrication approximation
for viscous flow in slender geometries, and we obtain the flow-
rate–pressure drop relation by coupling the fluid and solid mechan-
ics problems. In Sec. 4, we compare the latter theoretical result to
direct numerical simulations (DNSs) of FSI in ANSYS, showing
good agreement. On the basis of this validation, a hydrodynamic
bulge testing theory is proposed, and a sensitivity (error propaga-
tion) analysis is performed on it via Monte Carlo simulations in
Sec. 5. Conclusions are stated in Sec. 6, and three appendices in
Supplemental Material on the ASME Digital Collection provide
further mathematical details: the derivation of the governing
partial differential equations of the thick-plate plate theory (Appen-
dix A), results regarding the deformation profile in different regimes
(Appendix B), and the special case of a “classical” thin-plate theory
(Appendix C).

2 Structural Mechanics
Consider the geometry depicted in Fig. 1. An elastic plate,

clamped on all its edges, is placed as the top wall over a rectangular
channel that is long and wide. The plate’s thickness is smaller than
its spanwise width (t/w< 1), but t/w is not negligible. Furthermore,
the reference configuration of the plate is assumed to have an
uniform (isotropic) pre-tension T, defined as a force per unit
length (stress resultant). In this section, we summarize the key
points of a plate theory, based on the Reissner–Mindlin (RM)
approach [25,26], that also accounts for the pre-tension/pre-stress/
stretching in the elastic body. A more complete discussion is avail-
able in Supplemental Appendix A on the ASME Digital Collection.
RM, or “thick-plate,” theories are also referred to as first-order shear
deformation theories (FOSDT) (see the recent historical overview
of the development of these theories by Challamel and Elishakoff
[27]). Then, we show how this pre-stressed thick-plate theory can

be used to obtain a complete description of hydrodynamic bulge
testing of elastic structures.

2.1 Differential Equations for the Displacement. To define a
FOSDT with both stretching and bending, one substitutes the stress
resultants from Eqs. (A8)–(A11) from the Supplemental Material on
the ASME Digital Collection into the equations of equilibrium
(A5), to obtain a set of differential equations for the displacements
(ux0, uy, uz0) and the rotations of the normal (ϕx, ϕz):

Ds
∂2ux0
∂x2

+ ν
∂2uz0
∂x∂z

( )
+ κGt

∂2ux0
∂z2

+
∂2uz0
∂x∂z

( )
= 0 (1a)

κGt
∂2uz0
∂x2

+
∂2ux0
∂x∂z

( )
+ Ds

∂2uz0
∂z2

+ ν
∂2ux0
∂x∂z

( )
= 0 (1b)

κGt
∂2uy
∂x2

+
∂2uy
∂z2

( )
+
∂ϕx

∂x
+
∂ϕz

∂z

[ ]
+N + p = 0 (1c)

Db
∂2ϕx

∂x2
+ ν

∂2ϕz

∂x∂z

( )
+ Db

1 − ν

2

( )
∂2ϕx

∂z2
+ ν

∂2ϕz

∂x∂z

( )

− κGt
∂uy
∂x

+ ϕx

( )
= 0

(1d)

Db ν
∂2ϕx

∂x∂z
+
∂2ϕz

∂z2

( )
+ Db

1 − ν

2

( )
∂2ϕx

∂x∂z
+
∂2ϕz

∂x2

( )

− κGt
∂uy
∂z

+ ϕz

( )
= 0

(1e)

where Db :=Et3/[12(1− ν2)] is the bending rigidity, and Ds :=
Et/(1 − ν) is the extensional rigidity, of the plate with Young’s
modulus E and Poisson ratio ν [28,29]. Here, G :=E/[2(1+ ν)] is
the shear modulus, and κ is Timoshenko’s “shear correction
factor” [30], which is commonly introduced to account for nonuni-
form distribution of the transverse shear strain across the thickness
[31–33]. Following Zhang [33], and as in previous works [24,34],
we take κ= 1 to ensure consistency of three-dimensional (3D)
linear elasticity and RM plate theory in the limit of t/w→ 0.
Equations (1a) and (1b) completely describe the in-plane displa-

cement field, which is independent of the transverse deflection and/
or rotations. In the analysis below, this in-plane displacement field
will not be necessary, and hence, we discard these two equations.

Fig. 1 Geometry of the problem and notation. A slender elastic
membrane (plate) represents the top wall of an otherwise rigid
channel. A steady flow is established in the z-direction, which
gives rise to a pressure gradient that leads to a deformation of
the membrane in the y-direction. The membrane is clamped on
all ends (not shown at z=0 for clarity). Reprinted and adapted
with permission from Ref. [24], Copyright (2019) Elsevier,
reprinted with permission.
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Finally, in this work, we assume that the stretching response of
the plate is due to a known isotropic, uniform pre-tension T, i.e.,
the normal stress and in-plane shear stress resultants are simply
given by

Nxx

Nzz

Nxz

⎛
⎝

⎞
⎠ = T

1
1
0

⎛
⎝

⎞
⎠ (2)

Then, Eq. (1c) becomes

κGt
∂ϕx

∂x
+
∂ϕz

∂z

( )
+ (T + κGt)

∂2uy
∂x2

+
∂2uy
∂z2

( )
= −p (3)

Together, Eqs. (3), (1d ), and (1e) describe the transverse deflection
and rotations of the normal to the mid-plane of a thick, pre-stressed
plate. A subtle consequence of imposing the pre-stress on the model
a priori, rather than computing it through internal strains, is that the
equations of the present weakly nonlinear theory become equivalent
to equations of von Kármán’s plate theory with given constant iso-
tropic pre-tension [28,35].

2.2 Shallow, Slender Plates: Regimes of Deformation. First,
we rewrite the governing differential equations (3), (1d ), and (1e)
using the following dimensionless variables:

X = x/w, Z = z/ℓ, U = uy/Uc,

Φx = ϕx/F x, Φz = ϕz/F z, P = p/Pc
(4)

Here, F x, F z, and Uc are the characteristic scales for the rotation of
the normal in the x and z directions and the characteristic scale for
the deformation itself, respectively. These scales will be determined
self-consistently through the upcoming mathematical analysis. The
characteristic pressure scale is Pc, which will be obtained from the
analysis of the fluid mechanics problem. For a long and wide micro-
channel, following Ref. [21], assume that

h0 ≪ w ≪ ℓ ⇒ ϵ ≪ δ ≪ 1 (5)

where ϵ := h0/ℓ and δ := h0/w, and h0 is the undeformed height of
the channel (recall Fig. 1). Substituting the dimensionless variables
from Eq. (4) into Eqs. (3), (1d ), and (1e) yields a dimensionless set
of governing equations:

κGt
F x

w

∂Φx

∂X
+
F z

ℓ

∂Φz

∂Z

( )
+ (T + κGt)

Uc

w2

∂2U
∂X2

+
Uc

ℓ2
∂2U
∂Z2

( )
= −PcP

(6a)

Db

w2
F x

∂2Φx

∂X2
+
1
2
Db(1 − ν)

ℓ2
F x

∂2Φx

∂Z2

+
1
2
Db(1 + ν)

wℓ
F z

∂2Φz

∂X∂Z
− κGt F xΦx +

Uc

w

∂U
∂X

( )
= 0

(6b)

Db

ℓ2
F z

∂2Φz

∂Z2
+
1
2
Db(1 − ν)

w2
F z

∂2Φz

∂X2

+
1
2
Db(1 + ν)

wℓ
F x

∂2Φx

∂X∂Z
− κGt F zΦz +

Uc

ℓ

∂U
∂Z

( )
= 0

(6c)

In Eqs. (6b) and (6c), the terms involving ∂U/∂X and ∂U/∂Z
arise from the transverse shear resultant, meaning they are a
key aspect of the FOSDT. To retain these terms asymptotically,
we take

F x =
Uc

w
, F z =

Uc

ℓ
=
w

ℓ
F x (7)

Next, we substitute the expressions for F x and F x from Eq. (7)
into Eq. (6b) and multiply by h20 to obtain:

δ2DbF x
∂2ΦX

∂X2
+
1
2
Db(1 − ν)F xϵ

2 ∂
2ΦX

∂Z2

+
1
2
F xDb(1 + ν)ϵ2

∂2ΦZ

∂X∂Z
− κGth20F x ΦX +

∂U
∂X

( )
= 0

(8)

Under the assumed asymptotic scaling given in Eq. (5), we retain
terms of O(δ2) in the last equation, while dropping the terms of
O(ϵ2) in Eq. (8), to obtain:

δ2Db
∂2ΦX

∂X2
− κGth20 ΦX +

∂U
∂X

( )
= 0 (9)

To balance all terms in the last equation, we must require that
δ2Db ∼ κGth20. This scaling can be interpreted in two ways. First,
in the “stiffness space,” it can be rewritten as follows:

δ2 ∼
κGth20
Db

=
Transverse shear stiffness

Bending stiffness
(10)

which means that the ratio of the transverse shear stiffness to the
bending stiffness, though small, is still finite, unlike the “thin-plate”
(Kirchhoff–Love) theory [36,37] (referred to as “classical plate
theory” in Ref. [38]), in which it is identically zero. Second, by
using the definition of the bending stiffness Db and the shear
modulus G given above, Eq. (10) can be rewritten as follows:

6κ(1 − ν) ∼ (t/w)2 (11)

which is an equivalent relation in the “dimensions space” and por-
trays the relationship between the thickness and the width of the
plate in an order of magnitude sense.
Next, Eq. (9) can be rewritten as follows:

T
∂2ΦX

∂X2
− ΦX +

∂U
∂X

( )
= 0, T: =

(t/w)2

6κ(1 − ν)
(12)

where a scaled dimensionless thickness T has been defined for
convenience.
Similarly, for Eq. (6a), we substitute F x and F z from Eq. (7) and

multiply by h20w
2/Db to obtain

1
T

δ2
∂ΦX

∂X
+ ϵ2

∂ΦZ

∂Z

( )
+

Tw2

Db
+

1
T

( )
δ2

∂2U
∂X2

+ ϵ2
∂2U
∂Z2

( )

= −
h20w

2Pc

DbUc
P

(13)

Again, we neglect terms ofO(ϵ2) and retain terms ofO(δ2), arriving
at

1
T

δ2
∂ΦX

∂X

( )
+ λ +

1
T

( )
δ2

∂2U
∂X2

( )
= −

h20w
2Pc

DbUc
P (14)

where λ := Tw2/Db has been defined as a dimensionless
tension-to-bending number. Although λ < 0 is possible as well (pre-
compressed plate), we restrict ourselves to the case of λ > 0 to avoid
potentially having to deal with buckled states of the membrane [16].
To summarize, the FOSDT equations (in terms of the deforma-

tion U and the rotation of the normal ΦX) for bending of a long
and wide plate, initially subject to a uniform isotropic pretension,
are as follows:

T
∂2ΦX

∂X2
− ΦX +

∂U
∂X

( )
= 0 (15a)

1
T

∂ΦX

∂X
+ λ +

1
T

( )
∂2U
∂X2

= −
h20w

2Pc

δ2DbUc
P (15b)
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The corresponding (four) clamping BCs at the channel’s lateral
sidewalls are as follows:

U|X=±1/2 = 0, ΦX |X=±1/2 = 0 (16)

The characteristic deformation scale Uc remains unknown. It will be
determined by considering appropriate balances in Eq. (15b),
depending on the order of magnitude of λ.

2.3 Solution of the Deformation Equations. It was shown in
Ref. [21] (see also Sec. 3) that, under the lubrication approximation,
the hydrodynamic pressure load can vary at most in the flow-wise
direction, i.e., P=P(Z ) only. Then, the governing differential equa-
tions (15) forΦX and U are a set of coupled, inhomogeneous, ODEs
in X with constant coefficients.
On the basis of the definition of λ from Eq. (15b), we can deline-

ate four regimes of structural deformation:

• Regime 1 (λ≪ 1): Pre-tension is negligible compared to trans-
verse shear and bending, i.e., Tw2/Db≪ 1.

• Regime 2 (λ =O(1)): Pre-tension and transverse shear are
comparable to bending: Tw2/Db =O(1) or Th20/Db =O(δ2).

• Regime 3a (λ =O(1/δ2)): Pre-tension is much stronger that
transverse shear and bending: Tw2/Db =O(1/δ2) or
Th20/Db =O(1).

• Regime 3b (λ≫ 1/δ2): Again, pre-tension is much stronger
that transverse shear and bending, but there are no longer dom-
inant balances involving λ in the governing equation:
Th20/Db ≫ 1.

Regime 1 is bending dominated, and the problem reduces to the
no-pre-tension case considered in the previous works [24,34]. In
Regime 3b, the problem reduces to the trivial case of biaxial
stretching of a bar, without any FSI, which is not of interest
either. In Regime 2, both pre-tension and bending effects are
important. Thus, Regime 2 is of primary interest in this paper,
and a solution will be sought for the displacement in this
regime. Then, the displacement under Regimes 1 and 3a can be
easily found from the solution in Regime 2 as special/limiting
cases. A brief independent treatment of Regimes 1 and 3a is pre-
sented in Supplemental Material Appendix B on the ASME
Digital Collection for completeness.
Next, Eq. (15b) can be solved for ∂ΦX/∂X:

∂ΦX

∂X
= −T

w4Pc

DbUc
P + λ +

1
T

( )
∂2U
∂X2

[ ]
(17)

which, in turn, can be differentiated twice with respect to X to
obtain:

∂3ΦX

∂X3
= −T λ +

1
T

( )
∂4U
∂X4

(18)

Taking ∂/∂X of Eq. (15a) and substituting into it the results from
Eqs. (17) and (18) yields a single ODE for U:

− λT + 1( ) ∂
4U

∂X4
+ λ

∂2U
∂X2

+
w4Pc

DbUc
P = 0 (19)

Thus, to balance all terms (and account for bending, stretching,
and pressure loading), we must choose the scale of deformation
to be

Uc =
w4Pc

Db
(20)

Equation (19) is subject to the four BCs from Eq. (16). Again,
two of them need to be converted from BCs onΦX to corresponding
BCs onU. To that end, differentiate Eq. (17) to obtain an expression
for ∂2Φx/∂X2, which is then substituted into Eq. (15a). Next, evalu-
ate the result at X=±1/2 and impose the BCs ΦX|X=±1/2= 0 to

obtain the new BCs:

1
T

∂U
∂X

+ (λT + 1)
∂3U
∂X3

[ ]∣∣∣∣
X=±1/2

=0 (21)

By inspection, the particular solution of Eq. (19) is −(1/2λ)
P(Z )X2. For the homogeneous problem, the characteristic
polynomial is λT + 1( )r4 − λr2 = 0, the roots of which are
r = 0, ±

�������������
λ/(λT + 1)

√{ }
, where r= 0 is a double root. Thus,

the general solution of Eq. (19) is as follows:

U(X, Z) = −
P(Z)
2λ

X2 + C1(Z) exp X

���������
λ

λT + 1

√( )

+ C2(Z) exp −X
���������

λ

λT + 1

√( )
+ C3(Z) + C4(Z)X

(22)

where C1,2,3,4(Z ) are arbitrary functions of integration.
The X 7! −X symmetry of the boundary value problem

specified by Eq. (19), and its BCs require that C1(Z )=C2(Z ) and
C4(Z )= 0. Thus, the general solution (22) can be rewritten as
follows:

U(X, Z) = 2C1(Z)cosh X

���������
1

λT + 1

√( )
+ C3(Z) −

P(Z)
2λ

X2 (23)

The BCs in Eq. (21) require that

C1(Z) =
P(Z)

4λ
������������
λ(λT + 1)

√
sinh

1
2

���������
λ

λT + 1

√( ) (24)

Then, the BCs U|X=±1/2= 0 require that

C3(Z) =
P(Z)
2λ

1
4
−

1������������
λ(λT + 1)

√ coth
1
2

���������
λ

λT + 1

√( )[ ]
(25)

Thus, the complete solution for the cross-sectional deformation
profile of the pre-stressed plate is as follows:

U(X, Z) =
P(Z)
2λ

1
4
− X2

( ){

−

cosh
1
2

���������
λ

λT + 1

√( )
− cosh X

���������
λ

λT + 1

√( )

������������
λ(λT + 1)

√
sinh

1
2

���������
λ

λT + 1

√( )
⎡
⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(26)

As a consistency check, we also note that, in the limit of negligible
thickness (T� 0), Eq. (26) reduces to the deformation profile of a
pre-stressed thin membrane (Eq. (8) of Ref. [16]) (see also Eq. (10)
of Ref. [11]), which is derived independently in Supplemental
Appendix C on the ASME Digital Collection.
On the other hand, in the limit λ→ 0, Eq. (26) reduces to the solu-

tion for thick plate without pre-tension, i.e., the solution for Regime
1 from Ref. [34], derived independently in Supplemental Appendix
B.1 on the ASME Digital Collection. In Regime 3a, λ =O(1/δ2),
i.e., λ≫ 1, and a straightforward Taylor series expansion of
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Eq. (26) for λ→∞ gives

U(X, Z) =
P(Z)
2λ

1
4
− X2

( ){

−
1
λ

cosh
1

2
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T

√
( )

− cosh
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( )

���
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√
sinh

1

2
���
T

√
( ) +O 1

λ2

( )⎫⎪⎪⎬
⎪⎪⎭

(27)

The leading-order term in this equation is also derived indepen-
dently in the Supplemental Appendix B.2 on the ASME Digital
Collection.
For future reference, Eq. (26) can be put back into its dimensional

form:

u(x, z) =
w2p(z)
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(28)

Then, by x 7! −x symmetry, the maximum deformation over the
cross section is its value at x= 0:

umax(z) = u(0, z)

=
w2p(z)
2T

1
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−
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(29)

3 Fluid Mechanics
The slenderness of the channel allows us to invoke the lubrication

approximation [39], according to which the dimensionless velocity
field (see Ref. [21] for details) is

VZ (X, Y , Z) =
1
2

−
dP
dZ

( )
−

t

2h0
+ βU(X, Z) − Y

[ ]
Y +

t

2h0
+ 1

[ ]
(30)

for no-slip boundary conditions at the rigid bottom Y=−t/(2h0)− 1
and at the deformed top Y=−t/(2h0)+ βU(X, Z ) walls. The pressure
P varies only in the flow-wise +Z-direction (meaning, dP/dZ< 0),
and thus, a complete (not partial) derivative is featured in
Eq. (30); however, due to FSI, dP/dZ≠ const. as it would be in a
pipe flow [39]. Observe also that in FOSDT, the vertical displace-
ment U does not depend on Y (see Eq. (A1c) in the Supplemental
Material on the ASME Digital Collection); thus, it is the same at
Y=−t/(2h0) (the fluid–solid interface) and at Y= 0 (the plate’s
mid-plane).
In Eq. (30), VZ (X, Y , Z) = vz(x, y, z)/Vz is the dimensionless

velocity in the streamwise direction (recall Fig. 1), while U(X, Z) =
uy(x, z)/Uc is the dimensionless deformation of the top wall, as per
Eq. (4). Here, on using Eq. (20), we have defined

β: =
Uc

h0
=
w4Pc

Dbh0
(31)

as a dimensionless group, which we term the FSI parameter. This
parameter quantifies the compliance of the plate compared to the
characteristic magnitude of the applied hydrodynamic pressure
load. Then, the height of the deformed fluid domain is calculated

as follows:

H(X, Z) =
h(x, z)
h0

=
h0 + uy(x, z)

h0
= 1 + βU(X, Z) (32)

The dimensionless flowrate is evaluated as the area integral of the
streamwise velocity from Eq. (30) and then written solely in terms
of U(X, Z ) and P(Z ) via Eqs. (32) and (26):

1 =
∫+1/2

−1/2

∫−t/2h0−1+H(X,Z)

−t/2h0−1

VZ (X, Y , Z) dY dX (33a)

= −
1
12

dP
dZ

∫1/2
−1/2

H(X, Z)3 dX (33b)

= −
1
12

dP
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∫+1/2
−1/2

[1 + 3βU(X)P(Z) + 3β2U(X)2P(Z)2

+ β3U(X)3P(Z)3]dX

(33c)

where we have introduced the dimensionless deformation-to-pres-
sure ratio

U(X) =
U(X, Z)
P(Z)

=
1
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(34)

The left-hand side of Eqs. (33) is unity because we have employed a
flowrate-based velocity scale Vz = q/(h0w) as in the prior works
[21,24], yielding a dimensionless flowrate Q = q/q = 1 under
steady flow with imposed inlet q= const.
Performing the integration in Eq. (33c) reduces it to a first-order

nonlinear ODE in P(Z ):

−12 =
dP
dZ

1 + 3βI1P(Z) + 3β2I2P(Z)
2 + β3I 3P(Z)

3[ ]
(35)

where we have defined

I i: =
∫+1/2
−1/2

U(X)i dX (36)

Note that {I i}i=1,2,3 are known functions of λ and T (but not X or
Z), even if obtaining them analytically might be challenging. Now,
the ODE (35) is solved subject to the boundary condition that P(1)
= 0 (outlet gauge pressure) to obtain an implicit dimensionless rela-
tion for P(Z ):

12(1 − Z) = P(Z) 1 +
3
2
βI 1P(Z) + β2I 2P(Z)

2 +
1
4
β3I 3P(Z)

3

[ ]
(37)

Finally, the steady flowrate–pressure relation can be put in a dimen-
sional form by taking Pc = Vcμℓ/h20 = qμℓ/(wh30) [21] to be the
viscous flow pressure scale for an imposed flowrate:

q =
wh30p(z)

12μ(ℓ − z)
1 +

3
2

w4

Dbh0

( )
I1p(z)

[

+
w4

Dbh0

( )2

I2p(z)
2 +

1
4

w4

Dbh0

( )3

I 3p(z)
3

] (38)

where μ is the (constant) dynamic viscosity of the Newtonian fluid.
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4 Results
The previous sections were devoted to the derivation of the

theory of steady-state FSI in a microchannel between the viscous
fluid flow within and a pre-stressed elastic top wall clamped on
all edges. In this section, we compare the latter theoretical results
to DNS of FSI performed using the commercial software suite by
ANSYS [40]. The simulations are two-way coupled to ensure full
fidelity. Many of the details of such simulations have been pre-
sented in previous publications [21,24,34,41]. Nevertheless, to
ensure that this work is self-contained, a short summary is provided
in the following subsection.

4.1 Computational Approach. ANSYS employs a segregated
solution procedure to perform FSI simulations, wherein the
mechanical deformation field is solved in the “Static Structural”
module, using the finite element method (FEM), while the fluid
flow field is solved separately in the “FLUENT” module, using the
finite volume method.
In the static structural module, we have switched on the option of

“large deformations.” Therefore:

• The difference between deformed and undeformed coordinates
is maintained.

• The logarithmic (Henky) strain and the true (Cauchy) stress are
employed as the strain and stress measures, respectively,
instead of engineering strain and engineering stress, which
would have been employed in a small-strain analysis.

• The stiffness matrix in the FEM formulation is a function of
the displacements and results in a nonlinear governing equa-
tion for each node, which is solved by iterative methods.

Importantly, the assumptions of the plate theory, from which the
mathematical model in Sec. 2 was derived, are not imposed on the
numerical solution. Similarly, FLUENT solves the steady 3D incom-
pressible Navier–Stokes equation on a deforming domain without
any a priori approximations. Previously, we carried out mesh refine-
ment studies [34], and we explored choices of algorithms for mesh
smoothing [24], in similar FSI problems. We carry over the lessons
learned to the present study to obtain the right blend of numerical
accuracy and computational effort.
The distinguishing feature of the FSI simulations carried out in

this work is the inclusion of pre-stress in the elastic wall. To this
end, we employed two Static Structural modules, instead of one.
In the first Static Structural module, forces were imposed on the
edges of the structure to induce pre-stress in the elastic wall. The
resulting pre-stress distribution was then written to a file. This file
containing the information about pre-stress at every node was
then read into the second Static Structural module using the “inis-
tate” command.
The geometric details of the model are given in Table 1. The

channel has a linearly elastic top wall characterized by a Young’s
modulus E= 1.6MPa and a Poisson ratio ν= 0.4999, similar to
PDMS [34]. Three values of the uniform pre-tension of the elastic
top wall were considered: T= 13.62, 27.24, and 68.11 N mm,
which correspond to λ≡ Tw2/Db= 1, 2, and 5, respectively. The
remaining three walls of the channel are rigid. The fluid inside
the channel was taken to be water with a constant density ρ=
997.3 kg/m3 and dynamic viscosity μ= 9.14 × 10−4 Pa · s. The
dimensions of the channel were chosen so that the assumptions of

a long and slender geometry, as stated in Eq. (5), are satisfied,
and thus, the simulations may be compared to the theory.

4.2 Cross-Sectional Deformation Profile. A major result of
the proposed theory is the self-similar form of the dimensionless
cross-sectional deformation profiles scaled by the hydrodynamic
pressure, i.e., the ratio U(X, Z )/P(Z ) from Eq. (26) is independent
of the flow-wise coordinate Z. This result connects the local defor-
mation with the local pressure, forming the theoretical foundation
for the hydrostatic bulge test. To verify this result of the theory,
in Fig. 2, we plot the results from ANSYS FSI simulations for U(X,
Z )/P(Z ) as a function of X alongside the prediction from Eq. (26).
We observe that the simulations (represented by symbols and
colors, corresponding to the different flowrates q and evaluated at
different flow-wise locations z) collapse neatly onto a single
curve, which closely matches the theoretical profile (solid curve).
In experiments, validation of this prediction cannot be carried out
in a noninvasive manner due to the need to measure the deformation
at several flow-wise locations.

Table 1 Dimensions and relevant geometric parameters for
DNS of FSI in ANSYS

h0 w ℓ t δ ϵ t/w

0.155 1.7 15.5 0.605 0.09 0.01 0.36

Note: All lengths are given in millimeter.

Fig. 2 Self-similar collapse of the scaled dimensionless defor-
mation of the channel’s elastic plate top wall, across the width
of the channel, for different flowrates q and axial locations z;
λ =2. The solid curve represents the theoretical prediction
from Eq. (26), and the symbols correspond to the results of
DNS of FSI in ANSYS. Colors correspond to flowrates: red is q=
10 mL/min, yellow is q=20 mL/min, gray is q=30 mL/min,
black is q=40 mL/min, green is q=50 mL/min, and orange is
q =60 mL/min. Symbols correspond to different axial locations:
□ is at z=4 mm, ©©©©© is at z=8 mm, and △△△△△ is at z=12 mm. Note
that many symbols overlap due to the high quality of the col-
lapse. (Color version online.)

Fig. 3 Self-similar scaled dimensionless deformation of the
elastic plate top wall of the channel, for different bending-
to-tension ratios λ, at an inlet flowrate of q=30 mL/min. The
curves represent the theoretical prediction from Eq. (26), while
the symbols correspond to the results of DNS of FSI in ANSYS.
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Next, we carried out the simulations for fixed q but different
values of the pre-tension T. In Fig. 3, the profile U(X, Z )/P(Z )
from ANSYS simulation is compared to the theoretical profile from
Eq. (26) for different values of the bending-to-tension ratio λ. We
observe a good match between the theoretical prediction and the
results of simulation, but it worsens as λ increases. A possible expla-
nation may be that significant stretching occurs in the structure at
high λ, which invalidates the small-strain assumption employed in
the FOSDT of plates. Also, the agreement is better at the center
of the cross-section, compared to the sides, which can be attributed
to the use of clamped boundary conditions in the theory, while a 3D
zero-displacement boundary condition for the nodes along the x=
±w/2 planes is imposed in simulations. Others have used the
so-called elastically clamped boundary conditions [10,11] to
improve the agreement near the edges. However, the elastically
clamped boundary conditions involve a free parameter, whose
value must be determined from additional numerical simulation of
the particular plate geometry [42]. Therefore, the use of elastically
clamped boundary conditions pose their own set of challenges,
while yielding at best a modest improvement in the already quite
good match between the theoretical and simulated deformation
profiles.

4.3 Flowrate–Pressure Drop Relationship. Next, we shift
our focus to the flowrate–pressure drop relationship obtained in a
closed form from the theory as Eq. (38). This result involves vari-
ables that need to be measured only at the inlet and/or the outlet
of the microchannel; these measurements can be done noninva-
sively. Therefore, there is no need to measure quantities inside
the system (channel) to obtain an estimate of the material properties
from Eq. (38). The latter idea underpins the proposed hydrodynamic
bulge test, which renders the system a “black box” for experimental
materials characterization, unlike the hydrostatic bulge test, which
requires measuring umax(z) at some axial position z and inverting
Eq. (29) to determine E (via Db in λ).
To illustrate our FSI theory, in Fig. 4, we plot the full pressure

drop Δp= p(0)− p(ℓ)= p(0), as calculated from Eq. (38), as a func-
tion of the volumetric flowrate q for different tension-to-bending
ratios λ. Additionally, the corresponding results from our ANSYS

FSI simulations are shown as symbols. Clearly, the theory agrees
with the simulations for the range of q and λ considered. An increase
in λ causes the pressure drop to increase, because of the decrease in
deformation as pre-tension “stiffens” the plate. The match worsens
at larger q and λ due to “stronger” FSI. For each λ, the maximum
error between theory and simulation occurs at the maximum flow-
rate q= 60 mL/min; still, this maximum relative error is just ≈
2.53% for λ= 5.

4.4 Characterization of Material Properties and Range of
Validity of the Theory. The goal of this work is to introduce a
theory of hydrodynamic bulge testing, wherein the material proper-
ties of a finite-thickness elastic membrane (plate) are characterized
using a pressure drop measurement and the relationship in Eq. (38),
without measuring the membrane’s transverse deformation. To
achieve this goal, the measured pressure drop, the imposed flowrate,
and the known geometric dimensions are substituted into Eq. (38),
which is then solved using the bisection method (see Chapter 5 in
[43]) in a PYTHON script using SCIPY [44], to obtain the Young’s
modulus E given the Poisson ratio ν.
To demonstrate how a hydrodynamic bulge test might work, we

carried out FSI simulations for different values of the elastic
modulus E of the top wall. The simulations were carried out for
flowrates of q= 60 mL/min, 80 mL/min, and 100 mL/min for λ=
1, 2, and 5, respectively. The resulting pressure drop from the simu-
lation was used to predict the value of E by inverting Eq. (38). The
results of this analysis are shown in Fig. 5.
Clearly, there is acceptable match between the actual (here, simu-

lation) values and the estimated (here, theoretical) values of E, for
the chosen range that is typical of PDMS. The quality of this
match is gauged by the closeness of the symbols to the line with
slope 1 passing through the origin. The maximum error is about
43% for the case of q= 60 mL/min and E= 2.4MPa. We note
that the match is better for stiffer walls (larger values of E) at
higher flowrates and for softer walls (smaller values of E) at
lower flow rates.
This observation can be explained by considering the regime of

validity of our theory, which is given in mathematical terms as
follows:

{t ≲ w ∼ Uc} ≪ ℓ (39)

where

Uc =
w4Pc

Db
=
qμℓw3

Dbh30
=
12qμℓ(1 − ν2)w3

Et3h30
(40)

Here, the inequality t ≲ w means that we have accounted for mod-
erate (rather than vanishing, t≪w) plate thickness. The scaling
Uc ∼ w means that we have accounted for moderate rotations in
the equilibrium equations, by inclusion of N and, thus, the

Fig. 4 Comparison of flowrate–pressure drop relationship from
numerical simulation (markers) and the theoretical dependence
found from inverting Eq. (38) (curves) for different values of the
tension-to-bending ratio λ to highlight the effect of pre-tension
in the plate

Fig. 5 Estimation of the elastic modulus E from a hydrodynamic
bulge test versus its “true” value (used in the simulations).
Colors correspond to different flowrates: orange is q=60 mL/
min, blue is q=80 mL/min, and red is q=100 mL/min. Symbols
correspond to different values of the tension-to-bending ratio
λ: ©©©©© is λ=5, □ is λ=2, and △△△△△ is λ=1. All other quantities are
as given in Table 1. The shaded area corresponds to an uncer-
tainty of ±15% in E. (Color version online.)
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plate’s bending response is coupled with its stretching response.
The inequality of w≪ℓ is necessary to ensure that the lubrication
approximation is valid (for the fluid mechanics problem), so that
cross-sectional deformation profiles are decoupled from each
other in the flow-wise direction (for the structural mechanics
problem). Therefore, if the characteristic deformation Uc is large
compared to the dimensions of the channels, i.e., Uc > w, the struc-
tural mechanics problem is no longer linear, and our FSI theory
breaks down. On the other hand, if Uc is extremely small, i.e.,
Uc ≪ w, and the FSI in the system is “weak,” the estimate of E dete-
riorates. In the limiting case of a rigid channel, in which there is
obviously no FSI, it would not be possible to estimate E at all
because there is no deformation.
To quantify the above-identified requirement of “sufficient FSI”

via deformation that is still in the linearly elastic regime, we can
employ Eq. (39) to restrict the range of Uc/w values for which
the hydrodynamic bulge test is expected to be accurate. Observing
that βδ = Uc/w, it is more convenient to write this restriction as one
on the FSI parameter β introduced in Eq. (31). Based on applying
the hydrodynamic bulge test idea to simulation data from the
present study, as well as previous simulations [34] and experiments
[22] without pre-stress, we suggest the order-of-magnitude guide-
line:

1 ≲ β ≡
12qμℓ(1 − ν2)w3

Et3h40
≲ 10 (41)

where the upper range of values is suitable for nonpre-stressed
plates (λ= 0), while the lower range of values should be preferred
in the case of a plate stiffened by pre-stress (λ =O(1)). This guide-
line is an important result in practice. Since one can control q, μ, ℓ,
t, w, and h0, then it always possible to set up a sample, to be char-
acterized by the proposed hydrodynamic bulge test, such that the
bulge test is accurate. However, since Eq. (41) already contains
E, it must be applied in a recursive manner to design the hydrody-
namic bulge test experiment, as show in Fig. 6. Importantly, the iter-
ation process only requires updating the flowrate q in the
experiment (easily controlled by a pump), and thus, it does not
require modification of the microchannel geometry, once it is
manufactured.

5 Error Propagation and Sensitivity Analysis
It is important to compare the hydrostatic and hydrodynamic

bulge tests with respect to error propagation via a sensitivity analy-
sis. Due to measurement errors [45], any experimental observation
has an uncertainty associated with it. The uncertainty in the inde-
pendent (measured) variable propagates to an uncertainty in the
dependent (estimated) variable. In this section, we discuss examples
of how errors propagate in the hydrostatic and the hydrodynamic

bulge testing theories. Specifically, we simulate how uncertainty
in the corresponding independent variables (Δp in the hydrody-
namic case and umax in the hydrostatic case) leads to an uncertainty
in the dependent variable, the Young’s modulus E, and compare the
two cases to each other.
In our theory from Sec. 3, the relationship between the dependent

variable and the independent variables is given by Eq. (38) in con-
junction with Eqs. (34) and (36). These set of coupled equations is
not amenable to a standard uncertainty quantification by analytical
means, such as a Taylor series-based root-mean-squared error prop-
agation (see Sec. 4.7 in Ref. [45]). This situation is unlike the hydro-
static case in which E is determined (via Db in λ) by measuring
umax(z) at some axial position z and inverting Eq. (29), which is
amenable to an error propagation analysis. Hence, we take a statis-
tical approach and perform Monte Carlo simulations of error
propagation.
The Monte Carlo simulation of error propagation is straightfor-

ward. The independent variables umax and Δp are replaced by
random variables, which are sampled from a normal distribution.
The normal distribution is, in turn, determined from a nominal
value, the given mean umax or Δp in Table 2, and the upper and
lower limits on uncertainty ±Υ as a percentage, from which the
standard deviations ς of the distributions are calculated as follows:

ςumax
=

Υumax

F−1(0.9)

[ ]
umax, ςΔp =

ΥΔp

F−1(0.9)

[ ]
Δp (42)

The factor Υ/F−1(0.9) in Eqs. (42), where F−1(0.9) is the inverse of
the normal cumulative density function at the 90th quantile, ensures
that 90% of the area under probability density function is below the
specified upper limit (+Υ%) and similarly 90% of the area under
probability density function is above the specified lower limit
(−Υ%). A total of 1000 samples were taken of the input random
variables, as a trade-off between the computational effort expended
and the desired accuracy of probabilistic models. Example distribu-
tions of the input variables are shown in Fig. 7.
The means match the deterministic values used in the ANSYS sim-

ulations corresponding to a flowrate q= 80 mL/min, a tension-to-
bending ratio λ= 2, and Young’s modulus E= 1.6MPa. The

Fig. 6 Flowchart of how to iteratively apply the hydrodynamic
bulge testing methodology to estimate the Young’s modulus E
of a plate, starting from a guess

Table 2 Statistics of the input distribution for the Monte Carlo
simulation of error propagation under the hydrostatic and
hydrodynamic bulge tests

Bulge test Input Mean (·) Uncertainty Υ

Hydrostatic umax 28.296 μm ±10%
Hydrodynamic Δp 27.691 kPa ±1%

Note: The mean values of the independent variables are the ones used in the
ANSYS simulation for q= 80 mL/min, λ= 2, and E= 1.60MPa.

Fig. 7 Realizations of the noisy distributions of the total pres-
sure drop Δp (top) and the maximum deformation umax (bottom)
as an input to the Monte Carlo simulation for error propagation
under the hydrostatic and hydrodynamic bulge test, respec-
tively. Each shaded band has a width of one standard deviation.
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uncertainty in the pressure drop measurement corresponds to that of
a standard off-the-shelf pressure measurement device like Omega
PXM409-007BDWUI. On the other hand, the uncertainty in the
deformation has been taken to be an order of magnitude larger, at
10%, which is close to the uncertainty in deformation measurements
extracted from the experimental data in Refs. [9,46].
The mean and the standard deviation of the output samples for E

were computed for both models. The results are shown in Fig. 8 and
in Table 3. To gauge the sensitivity of the estimate of E to the input
distributions of umax and Δp, we employed a statistical rank order
correlation, specifically Kendall’s tau rank correlation coefficient,
available in PYTHON’s SCIPY module [44]. The value of Kendall’s
tau rank correlation lies between −1 and +1; a value of +1
denotes strong positive correlation, a value of −1 denotes strong
negative correlation, while a value of 0 denotes no correlation at
all. From Fig. 8 and Table 3, we conclude that estimates of
elastic modulus obtained from the hydrostatic bulge test are more
accurate compared to those obtained from the hydrodynamic
bulge test although the difference is not very large (≈2.5%).
However, the noise in the estimates E is much larger for the hydro-
static bulge test than for the hydrodynamic bulge test, as evidenced
by the larger standard deviation of the hydrostatic bulge test’s
output distribution. The higher noise in the estimated variable E
is attributed to the higher noise in the measured variable umax, as
the absolute value of the rank correlation coefficient (Kendall’s τ)
is approximately the same for both models.

6 Conclusion
In this paper, we proposed a hydrodynamic bulge testing tech-

nique for soft materials characterization problems relevant to
design of microfluidic systems and devices. Specifically, we
derived a theory of the FSI between a pre-stressed linearly elastic
plate with finite thickness and a viscous fluid flow underneath it.
The flowrate–pressure drop relationship for the case when the
elastic plate is clamped as the top wall of a rectangular microchan-
nel conveying a “slow” viscous Newtonian fluid flow (low Rey-
nolds number) was obtained in the form of Eq. (38). Then, we
showed that this relationship can be inverted numerically to

characterize the material properties of the elastic plate, specifically
its Young’s modulus E, by only measuring the total pressure drop
across its length. We argued that, in microfluidics, a measurement
of the pressure drop is easier and/or more accurate than a measure-
ment of the membrane deflection due to the (hydrodynamic) pres-
sure of the flow underneath it.
We also carried out three-dimensional direct numerical simula-

tions of fluid–structure interactions using the commercial computa-
tional engineering platform by ANSYS. These simulations did not
require any of the assumptions used to derive the mathematical
model. The deformation profile and pressure drop obtained from
the simulations showed favorable agreement with the predictions
of our model, thus validating it.
Overall, from the mechanics point of view, pre-stressing the

membrane makes it appear “stiffer,” and thus, its deformation
(induced by either hydrodynamic or hydrostatic pressure) is
smaller than a corresponding initially stress-free plate. To sustain
the same flowrate in a microchannel with an initially pre-stressed
top wall thus requires a larger pressure drop. These conclusions
were drawn from the general displacement profile, Eq. (26),
which we believe is a novel result because the expression accounts
for the nonnegligible thickness of the membrane (finite t/w), while
the current literature on bulge testing concerns thin film membranes
(t/w→ 0) (Eq. (8) in Ref. [16]).
Next, the simulations were used as “ground truth” (in lieu of

experiments) to establish the predictive power of hydrodynamic
bulge tests. Specifically, a region in the parameter space was iden-
tified and represented as Eq. (39). Through Fig. 5, this parameter
space region of validity was quantified, and Eq. (41) was proposed
as a guideline to the experimentalist for obtaining accurate results
from the hydrodynamic bulge test. Furthermore, a sensitivity anal-
ysis, performed through Monte Carlo simulation, showed that the
hydrodynamic bulge test’s estimate is only slightly less precise
than a hydrostatic bulge test, while allowing a greater degree of
“control” over error propagation.
Due to the long and shallow channel geometries encountered in

PDMS-based microfluidics, the strains encountered in the elastic
wall are small enough to justify the use of the linear theory of elas-
ticity. For example, for q= 50 mL/min at λ= 2, the maximum
normal strain according to our ANSYS simulation is 3%, which is
acceptable under the small-strain assumption made in our theory.
At larger strains, it is know that PDMS may exhibit a hyperelastic
response [47]. Thus, in the future work, it would be of interest to
extend the proposed theory to capture this nonlinear material beha-
vior. The proposed hydrodynamic bulge testing technique could
also be extended to handle liquid blister tests [48], which are
used to measure the strength of bonding (via the work of adhesion),
if the fluid layer is made much thinner than the solid film. Beyond
bulge tests, the FSI between a viscous fluid and a pre-stressed plate-
like elastic structure can be harnessed to create soft microfluidic
actuators [18]. Similar multiphysics problems can also be motivated
by biomedical and physiological applications, such as the reopening
of strongly collapsed airways [17]. These problems are unsteady
[49], and thus, one must obtain dynamic equations for the motion
of the fluid front during expansion (or collapse) [50–53]. Therefore,
the present analysis could be extended/become the foundation of
further research on these problem as well.

Acknowledgment
V. A. and I. C. C. were supported, in part, by the U.S. National

Science Foundation (Grant No. CBET-1705637). S. C. M. was sup-
ported by the 2019 Purdue Undergraduate Research Experience
(PURE) under the Purdue-India Initiative.

Nomenclature
p = pressure (Pa)
q = flowrate (mL/min)

Fig. 8 Distribution of the estimate of E obtained from the Monte
Carlo simulation of the hydrodynamic (top) and hydrostatic
(bottom) bulge test. Each shaded band has a width of one stan-
dard deviation.

Table 3 Statistics for the estimate of the Young’s modulus E
obtained from the Monte Carlo simulation of the hydrostatic
and hydrodynamic bulge tests

Bulge test �E (MPa) ςE (MPa) ςE/�E Kendall’s τ

Hydrostatic 1.61 0.14 0.087 −0.99
Hydrodynamic 1.57 0.07 0.045 1.0

Note: q= 80 mL/min and λ= 2. �E is the mean, and ςE is the standard
deviation.
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t = thickness of the plate (m)
u = deformation (m)
v = fluid velocity (m/s)
w = width of channel (m)
ℓ = length of channel (m)
E = Young’s modulus of the plate (Pa)
G = shear modulus (Pa)
H = dimensionless height of the deformed channel
M = bending moment (N m)
N = normal stress resultant (Pa m)
N = coupling term between bending and stretching in the

equation of equilibrium (Pa)
P = dimensionless pressure
Q = shear stress resultant (Pa m)
T = pre-tension (Pa m)
T = dimensionless thickness of the plate
U = dimensionless deformation
V = dimensionless fluid velocity
U = ratio of dimensionless deformation to dimensionless

pressure
h0 = height of the undeformed channel (m)
Ci = constants of integration
Ds = extensional rigidity of the plate (Pa m)
Db = bending rigidity of the plate (Pa m3)
I i = integral of the ith power of the ratio of dimensionless

deformation to dimensionless pressure
F−1 = inverse of the cumulative distribution function
Pc = characteristic pressure scale (Pa)
Uc = characteristic deformation scale (m)
Vc = characteristic velocity scale (m/s)

x, y, z = rectangular coordinates (m)
F x, F z = characteristic scales of the rotations of the normal
X, Y, Z = dimensionless rectangular coordinates

Greek Symbols

β = fluid–structure interaction parameter
γ = strain
δ = ratio of channel height and width (h0/w)

Δp = pressure drop (Pa)
ϵ = ratio of channel height and length (h0/ℓ)
κ = Timoshenko’s shear correction factor
λ = ratio of pre-tension to bending rigidity
μ = viscosity of the fluid (Pa · s)
ν = Poisson ratio
σ = stress, Pa
ς = standard deviation
τ = Kendall’s tau correlation
Υ = uncertainty
ϕ = rotation of the normal
Φ = dimensionless rotation of normal
Φ = curvature tensor

Subscripts

c = characteristic
i = positive integer

max = maximum
x, y, z = flow or deformation direction, dimensional
X, Y, Z = flow or deformation direction, dimensionless

0 = along the plate’s mid-plane
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