
Synchronized step multilevel Markov chain Monte Carlo1

Sanjan C. Muchandimatha,∗, Alex A. Gorodetskya
2

aUniversity of Michigan, Ann Arbor, 48105, MI, USA

Abstract3

We propose SYNCE (synchronized step correlation enhancement), a new algorithm for coupling Markov chains within
multilevel Markov chain Monte Carlo (ML-MCMC) estimators. We apply this algorithm to solve Bayesian inverse
problems using multiple model fidelities. SYNCE is inspired by the concept of common random number coupling
in Markov chain Monte Carlo sampling. Unlike state-of-the-art methods that rely on the overlap of level-wise pos-
teriors, our approach enables effective coupling even when posteriors differ substantially. This overlap-independence
generates significantly higher correlation between samples at different fidelity levels, improving variance reduction
and computational efficiency in the ML-MCMC estimator. We prove that SYNCE admits a unique invariant probabil-
ity measure and demonstrate that the coupled chains converge to this measure faster than existing overlap-dependent
methods, particularly when models are dissimilar. Numerical experiments validate that SYNCE consistently outper-
forms current coupling strategies in terms of computational efficiency and scalability across varying model fidelities
and problem dimensions.
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1. Introduction6

Bayesian inference is a well established technique for estimating parameters of complex mathematical models.7

In this stochastic framework, the parameters θ of a model F are modeled as random variables. By conditioning a8

prior distribution π0(θ) on observed data yD, we obtain a posterior distribution π(θ | yD) using Bayes’ rule. Given9

this updated distribution over the parameters, application goals typically seek to estimate statistics of some output10

functional Q; for example, to compute the expectation Eθ∼π(θ|yD)[Q(θ)]. In non-linear or non-Gaussian settings, these11

estimates are typically computed via sampling methods such as Markov chain Monte Carlo (MCMC) [1, 2].12

However, unlike forward uncertainty quantification (UQ) problems where input parameter distributions are of-13

ten known and can be sampled directly, Bayesian inverse problems (BIP) pose a greater computational challenge.14

MCMC algorithms struggle with sampling from posterior distributions that are high-dimensional and exhibit complex15

structures such as multi-modality or strong correlations. These struggles result in high autocorrelation and reduced16

effective sample size. Consequently, achieving accurate estimates of quantities of interest requires a large number17

of posterior samples N to overcome the slow 1/
√

N Monte Carlo convergence rate. This inefficiency is further ex-18

acerbated when the underlying simulations are computationally intensive – each posterior sample requires a forward19

model evaluation for the likelihood, and every sample drawn requires evaluating a possibly expensive functional Q.20

This simultaneous demand for high sample counts and expensive model evaluations makes Bayesian inverse problems21

particularly challenging.22

Multi-fidelity strategies alleviate these computational costs by combining outputs from a hierarchy of models,23

leveraging cheaper, less accurate models to achieve computational speedups while preserving accuracy [3]. This24

paper seeks to improve these strategies to specifically target the high sampling costs inherent to BIPs. Implementing25

multi-fidelity methods requires two key components: (1) the availability of both low-fidelity and high-fidelity models,26
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and (2) a model management strategy that distributes work/samples among these available models. Such hierarchies27

commonly arise in physical simulations – for example, through varying mesh resolutions, simplified physics, or28

surrogate modeling techniques. Historically, multi-fidelity model management strategies have been realized through29

control variate (CV) [4, 2, 5, 6], approximate control variate (ACV) [7, 8, 9], multilevel Monte Carlo (MLMC) [10, 11,30

12, 13] and multilevel best linear unbiased estimator (MLBLUE) [14] techniques. The efficiency of these estimators31

relies on the correlation between the functional quantities of the low and high-fidelity models, with higher correlations32

leading to higher variance reduction.33

This correlation requirement introduces unique challenges in the context of inverse problems. Unlike forward34

problems where input samples are drawn from a known distribution, inverse problems require sampling from posterior35

distributions that depend on the model fidelity. Hence, in the inverse context, we have an additional opportunity to36

reduce the computational cost of generating samples by appealing to low-fidelity posteriors. Rather than drawing37

samples from the high-fidelity posterior alone, we can mix and match samples from posteriors of different fidelities.38

However, this opportunity comes with some additional challenges. Since the posterior distributions change with39

model fidelity, we maintain correlation required for variance reduction by using coupled Markov chains. Coupling40

in this context refers to the idea of creating a joint Markov kernel that induces a Markov chain on the product space41

of the individual chains (e.g., a low-fidelity and high-fidelity chain). A fundamental requirement of this coupling is42

that the marginals of the joint chain target the distributions of the individual chains. Beyond this single requirement,43

there is significant freedom in how the joint kernel is constructed. This flexibility allows us to design clever coupling44

strategies that can increase the correlation between samples drawn from different fidelity posteriors.45

Several related methodologies have been proposed in the literature for constructing such couplings within mul-46

tilevel MCMC (ML-MCMC) estimators. Dodwell et al. [15] integrate a delayed acceptance strategy within ML-47

MCMC by proposing a point from a low-fidelity (coarse) MCMC chain as a candidate for the high-fidelity (fine)48

MCMC chain. The foundational delayed acceptance idea was formalized by Christen and Fox [16], who demonstrate49

that the method is effective only when the low-fidelity model is a good approximation of the high-fidelity model.50

Lykkegaard et al. [17] expand on the delayed acceptance proposal idea by creating ergodic chains using recursivity51

and leveraging an adaptive error model (AEM) to correct for dissimilar posteriors. Similarly, specialized proposals52

are explored in [18], which integrates delayed acceptance with dimension independent likelihood informed (DILI)53

MCMC [19]. Independent proposals are analyzed by Cianci et al. [20], where chains are coerced to accept the same54

proposed point from the independent sampler. However, the authors provide restrictive conditions on the independent55

proposal to ensure ergodicity. To enable state dependent proposals, Cianci and Pablo [21] used the maximal coupling56

technique in the ML-MCMC framework. Recently, other interesting applications of coupling have been applied to57

create unbiased [22, 23] and hybrid [24] estimators.58

While these methodologies differ in their specific implementations, they all share the same strategy: couple chains59

by proposing the same sample for both the chains. This approach is similar to the logic successfully applied in60

forward UQ problems [25, 26]. In the forward setting, coupling methods rely on the idea that sharing samples between61

models (in a subspace) increases correlation between outputs, thereby reducing variance. However, this shared sample62

strategy has limitations in the inverse problem context. The effectiveness of these methods relies heavily on the overlap63

between the two posteriors targeted by the coupled chains – when models are dissimilar, a sample from a low-fidelity64

posterior may fall in a region of low probability for the high-fidelity posterior. This mismatch leads to frequent65

rejections, decoupling the chains and reducing the correlation between samples. This limitation necessitates a more66

robust approach — one that couples the evolution of the chains through synchronized steps rather than their states.67

In this context, we propose SYNCE (synchronized step correlation enhancement), a common random number (CRN)68

coupling algorithm that synchronizes the random steps of the coupled chains to maintain correlation even when the69

posterior distributions do not overlap.70

The key contributions of this paper are:71

1. We review existing methodologies for integrating MCMC with the MLMC estimator and provide insights into72

how these methods come under the framework of Markov chain coupling in Section 3.73

2. We introduce SYNCE coupling, inspired by [28]. We prove the coupled chains admit a unique invariant proba-74

bility measure and establish geometric ergodicity with explicit convergence rates in Theorem 4.1. Our analysis75

in Section 4.2 demonstrates that SYNCE achieves faster sampling convergence than existing methods when76

posteriors weakly overlap or exhibit mismatch.77
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3. We propose an adaptive version of our algorithm, SYNCE-AR in Sections 4.4 and 4.5 that works by adapting78

and resynchronizing the coupled Markov kernel based on insights from the theoretical analysis.79

4. We validate that our proposed methodology is more efficient than existing couplings in the literature in Section 5,80

achieving gains in variance reduction by an order of two.81

2. Background82

In this section, we first set up the Bayesian inverse problem and review how it is solved using the standard83

Metropolis-Hastings MCMC (MH-MCMC) algorithm. We then focus on multi-fidelity methods and introduce the84

multilevel Markov chain Monte Carlo (ML-MCMC) framework for variance reduction.85

2.1. Bayesian inverse problems and MCMC86

Let (X,X) be a measurable space with X ⊆ Rd, and define the forward operator for the BIP as F : Θ → Y.87

Here, Θ ∈ X denotes the input parameter space and Y ⊆ Rm denotes the output space of our model. For a particular88

parameter vector θ ∈ Θ, we denote the forward model as y = F (θ). Assuming additive noise, the observation model is89

expressed as y = F (θ) + ϵ, where ϵ ∼ N(0,Σ) is Gaussian noise with covariance Σ. Given observations yD ∈ Y, BIPs90

seek the posterior distribution of the parameter set θ denoted by π(θ). This posterior distribution is given by Bayes’91

rule when assuming a prior distribution π0(θ) over the parameters:92

π(θ) =
L(θ)π0(θ)

Z
, (1)

where93

L(θ) =
1

√
2πd
√
Σ

exp
(
−

1
2

(yD − F (θ))T Σ−1 (yD − F (θ))
)
, (2)

is the likelihood under Gaussian noise and Z is the normalizing constant termed the evidence.94

The posterior has no closed form solution for general cases, and sampling approaches based on MCMC are used95

to generate samples distributed according to π. MCMC approaches create a sequence of random variables
{
θi
}
i∈Z+

,96

where each θi is the state of the chain at iteration i and Z+ denotes the set of positive integers. The chain is constructed97

so that its stationary distribution is the target posterior π(θ). Among MCMC methods, the Metropolis–Hastings98

algorithm [29] is the most popular and widely used. The proposal distribution q(· | ·) and the acceptance probability99

α(·, ·) define the algorithm. Samples are proposed iteratively from q and are accepted or rejected based on α. The100

method is shown in Algorithm 1 and induces a Markov transition kernel of the form:101

p(θ, A) =
∫

A
α (θ, θ∗) q (θ | dθ∗) +

(∫
X

1 − α (θ, θ∗) q (θ | dθ∗)
)
δθ(A), A ∈ X, (3)

where δ is the Dirac delta function. Existence of a stationary distribution is guaranteed if the Markov kernel above102

satisfies detailed balance, and convergence is guaranteed if the kernel is ergodic. Further proof and reading can be103

found in [29, 1]. Given the ability to draw samples from the posterior π(θ), we seek to model predictions by computing104

statistics of a quantity of interest (QoI) defined as Q : Θ → Q, where Q ⊆ Rk denotes the output space and k ≥ 1105

its dimensionality. In this work, we focus on the scalar case k = 1 but extensions to multi-output quantities follow106

directly from [9].107

A standard Monte Carlo (MC) estimator for the posterior mean of Q is given by:108

Q̂ = EΘ[Q(θ)] =
∫
θ∈Θ

Q(θ)π(θ)dθ ≈
1
N

N∑
i=1

Q(θi), θi ∈ Θ, θi ∼ π, (5)

where the notation Q̂ denotes an estimator for the mean of Q obtained by generating N MCMC samples
{
θi
}N

i=1
from109

the distribution π. The first equality in Eq. (5) comes from writing the estimate of the mean as an expectation, the110

3



Algorithm 1 Metropolis-Hastings MCMC [29]

1: Input: Target density π, proposal distribution q(· | ·), number of samples N, initial guess θ0

2: Output: Samples
{
θi
}N

i=1
from π

3: for i = 0, 1, . . . ,N − 1 do
4: Sample θ∗ ∼ q(· | θi)
5: Sample u ∼ U(0, 1)
6: Set θi+1 = θ∗ if u < α where

α(θi, θ∗) = min
(
1,
π(θ∗)q(θi | θ∗)
π(θi)q(θ∗ | θi)

)
, (4)

7: Set θi+1 = θi otherwise
8: end for
9: return

{
θi
}N

i=1

second equality comes from writing the expectation as an integral and the approximation comes from writing the111

integral as a Monte Carlo estimation with N samples. The estimator in Eq. (5) is unbiased with respect to the model112

used if the MCMC samples are independent and identically distributed. However, samples generated by MCMC are113

inherently correlated, and the estimator is only asymptotically unbiased. While recent work has developed unbiased114

estimators using couplings [22], in this work, we assume a sufficient burn-in period and disregard any initial bias. The115

error of the MC estimator is then measured by its variance, and when the variance of Q(θ) is finite, the variance of116

the estimator is inversely proportional to the number of samples N. In this paper, we do not consider the bias of the117

model with respect to representing some underlying truth model, and therefore our goal is to reduce the error of this118

procedure through variance reduction. Here, we employ multi-fidelity techniques.119

2.2. Multi-fidelity methods for variance reduction120

The Monte Carlo estimator in Eq. (5) is computationally expensive, with improvements to accuracy requiring121

orders of magnitude more samples. One strategy to address this challenge is to leverage multi-fidelity techniques that122

combine estimates from an ensemble of models to achieve a significantly lower variance. This ensemble typically123

includes a high-fidelity model and several low-fidelity models. In the context of a discretized PDE parameterized by124

ℓ, the low fidelity models are coarse grid approximations of the original discretization given by {Fℓ}L−1
ℓ=0 . Similarly, we125

obtain a hierarchy of output functionals {Qℓ}
L−1
ℓ=0 . We assume that the evaluation of both Fℓ and Qℓ is a function of the126

discretization parameter Mℓ = sℓM0. In the following, outputs with subscript L are assumed to be the highest fidelity127

with respect to which we seek variance reduction.128

Although a plethora of multi-fidelity techniques have been explored in the past [3], in this work, we focus on129

creating fusion estimators of the type,130

Q̂MF
L = f

(
Q̂0, Q̂1, . . . , Q̂L

)
, (6)

where Q̂ℓ denotes the estimator of the QoI at levels ℓ = 0, 1, . . . , L and f (·) is a function that combines these estimators.131

The goal of the fusion estimator is to reduce the variance of the estimator Q̂MF
L by exploiting the correlation between132

the estimators Q̂ℓ at different levels. Both the choice of the function f (·) and the correlation between the multi-fidelity133

estimators play a crucial role in determining the efficiency of the estimator.134

2.2.1. Multilevel Monte Carlo135

The multilevel Monte Carlo (MLMC) estimator [11] is a popular multi-fidelity fusion technique that has been136

widely used in the context of forward uncertainty quantification. The MLMC estimator is based on the telescoping137

sum representation of the high-fidelity QoI:138

Q̂MLMC
L = Q̂0 +

L∑
ℓ=1

(
Q̂ℓ − Q̂ℓ−1

)
=

L∑
ℓ=0

Ŷℓ, (7)
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where the level wise estimator is defined as Ŷℓ = Q̂ℓ − Q̂ℓ−1 and Ŷ0 = Q̂0. The MLMC estimator is unbiased and the139

variance of the estimator is dependent on the variance of each of the terms {Ŷℓ}Lℓ=0 in Eq. (7). The key is then to create140

highly correlated estimators Q̂ℓ and Q̂ℓ−1 by coupling samples that will result in V[Yℓ] → 0 as ℓ → ∞. Consider the141

variance of the level wise outputs at a particular level ℓ given by:142

V[Yℓ] = V[Qℓ] + V[Qℓ−1] − 2Cov[Qℓ,Qℓ−1].

Assuming V[Qℓ] ≈ V[Qℓ−1] = V and using the Pearson correlation coefficient,143

ρℓ = Cov[Qℓ,Qℓ−1]/
√
V[Qℓ]V[Qℓ−1], (8)

we write the variance as V[Yℓ] = 2V(1 − ρℓ). The variance of the MLMC estimator can be reduced by increasing the144

correlation between the successive level-dependent functional outputs Qℓ and Qℓ−1. In standard MLMC applications,145

when exact sampling is possible for the forward problem, correlating successive level estimators is achieved by sharing146

samples of the highest fidelity L for both the estimators at a particular level. However, for inverse problems, the147

distributions of each level may be different and correspond to the inverse problem at each such level.148

3. Inverse problem estimators and couplings149

In the inverse case, where MCMC sampling is employed, achieving high correlations between the functional150

estimators becomes significantly complex. The dependency on the forward model introduced by MCMC methods151

complicates direct sharing of samples, making it challenging to use the same input samples for each level, as is typi-152

cal for MLMC approaches for forward problems. These challenges necessitate studying couplings that can efficiently153

establish and exploit such correlations within the MCMC framework. In this section, we will formally introduce cou-154

plings and demonstrate their critical role in variance reduction. Then, we will extend our discussion to the integration155

of MLMC frameworks with MCMC methods to reduce the computational cost of the estimation procedure for inverse156

problems.157

3.1. Couplings158

Let (X,X, µ) and (Y,Y, ν) be two probability spaces. Coupling of two probability measures µ and ν is defined as a159

joint probability measure Γ on (Ω,O, Γ) whereΩ = X×Y and O = X⊗Y, such that the marginals of Γ are µ and ν [30].160

In other words, for all measurable sets A ∈ X and B ∈ Y, we have Γ[A × Y] = µ(A) and Γ[X × B] = ν(B). Couplings161

are typically used to establish some distributional properties between the two measures µ and ν. For instance, they162

can be employed to analyze the distance between probability measures in terms of distance metrics [31], to facilitate163

transportation problems [30], or to prove convergence properties of MCMC methods [32, 33]. More recently, novel164

couplings have been proposed to exploit variance reduction and provide unbiased estimations [22, 23] in the context165

of MCMC.166

Couplings can be broadly classified into two categories: deterministic and non-deterministic [30]. In deterministic167

couplings, the relationship between two random variables X and Y defined on the two probability spaces is described168

by a function. Formally, this translates to the existence of a measurable function T : X → Y such that Y = T (X) and169

T#µ = ν, where T# is called the pushforward operator. The coupling is then defined by the identity map I on X and the170

transport map T on Y , i.e., Γ = (I, T )#µ. An important deterministic coupling example is the optimal transport (OT)171

problem which finds the optimal transport map by introducing a cost function c(x, y) on Ω that can be interpreted as172

the work needed to transport a unit of mass from x ∈ X to y ∈ Y . Some applications of transport maps can be found173

in [34, 35]. Non-deterministic couplings, referred to simply as couplings, arise from invoking randomization during174

their construction and are described through a joint probability measure Γ on Ω. A notable example is the maximal175

coupling technique [31], where the joint distribution Γ is constructed such that the probability of the random variables176

X and Y being equal is maximized [31].177

We now extend the concept of coupling to Markov chains following the approach of [31, 36]: suppose we have an178

ergodic MCMC kernel pX : X × X → [0, 1] with measure µ and another ergodic MCMC kernel pY : Y × Y → [0, 1]179

with measure ν. A coupling of these two kernels is a joint kernel p : Ω × O → [0, 1] with joint measure Γ satisfying180 ∫
Y p((x, y), A × dy) = pX(x, A) and

∫
X p((x, y), dx × B) = pY (y, B). These equations imply that any Markov chain181
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{Zi}i∈Z+ =
(
{Xi}i∈Z+ , {Y i}i∈Z+

)
constructed with the joint kernel p is composed such that the sequences {Xi}i∈Z+ and182

{Y i}i∈Z+ follow the transition dynamics of their respective kernels pX and pY . Crucially, while the marginals are fixed,183

the joint properties of the coupled chain can be designed to achieve specific goals, such as maximizing correlation184

between the two chains for variance reduction purposes.185

In this work, we are dealing with MH-MCMC type methods for our inverse problem estimators, where the ef-186

ficiency of the estimator depends on the quality of Markov chain coupling. As established in [36], the coupling of187

two MH-MCMC kernels can be represented as a combination of a proposal coupling (qX and qY ) followed by an188

acceptance coupling (αX and αY ). Specifically, to effectively couple two Markov chains together, we first couple the189

proposal distributions to produce a proposed state Z∗ = {X∗, Y∗} given the current state Zi = {Xi, Y i}. We then perform190

the acceptance coupling step by marginally accepting or rejecting the proposed state on both chains using the same191

uniform random number in the accept-reject function (step 6 in Algorithm 1). This decomposition highlights that the192

key to constructing efficient Markov chain couplings lies in designing effective proposal couplings.193

3.2. Multilevel Markov chain Monte Carlo estimators194

Next, we integrate the MLMC estimator with MCMC methods to reduce the computational cost of solving inverse195

problems. The core of the integration lies in generating correlated samples from coupled Markov chains at consecutive196

fidelity levels. For each level ℓ = 1, . . . , L in the MLMC estimator (Eq. (7)), we generate samples for two output197

functionals Qℓ and Qℓ−1 to estimate E [Qℓ − Qℓ−1]. The samples used for Qℓ are drawn from a fine chain at level198

ℓ, while the samples for Qℓ−1 are drawn from a coarse chain at the same level. The strategy for defining the target199

distributions for these two chains is crucial for the efficiency of the ML-MCMC estimator. There are three potential200

routes: (1) First, both fine and coarse chains target the highest fidelity posterior πL. While conceptually simple,201

this approach is computationally prohibitive because of the high cost of evaluating the likelihood at the finest level.202

(2) Second, samples from the coarse posteriors at each level approximate the fine posteriors at that level. While203

computationally cheaper, this approach introduces bias in the estimator. (3) Third, each chain targets its respective204

level-dependent posterior, i.e., the coarse chain at level ℓ targets πℓ−1 while the fine chain targets πℓ. We adopt this205

strategy, as it is unbiased and computationally efficient, leaving only the challenge of constructing effective couplings206

between the chains.207

To implement the level-dependent structure of the couplings, we introduce notation for the coupled samples. Let208 {
θi
ℓ

}
i∈Z+

∼ πℓ denote the fine samples at level ℓ, and let
{
ϑi
ℓ−1

}
i∈Z+

∼ πℓ−1 denote the coarse samples at the same209

level. The coupled chain at MLMC level ℓ thus produces pairs
{(
θi
ℓ, ϑ

i
ℓ−1

)}
i∈Z+

. We emphasize that the notation ϑ210

distinguishes the role of the sample in the telescoping sum, not just its distribution. For example, θi
0 and ϑi

0 are both211

drawn from the same posterior π0, but θi
0 is used in the fine component of the MLMC estimator at level 0, while ϑi

0 is212

used in the coarse component at level 1. Thus, the MLMC estimator in Eq. (7) specialized to the Monte Carlo estimate213

case becomes:214

Q̂ML-MCMC =
1

N0

N0∑
i=1

Q0(θi
0) +

L∑
ℓ=1

1
Nℓ

Nℓ∑
i=1

(
Qℓ(θi

ℓ) − Qℓ−1(ϑi
ℓ−1)

)
, θi

ℓ ∼ πℓ, ϑ
i
ℓ−1 ∼ πℓ−1, (9)

assuming that the Markov chains are sufficiently burned in.215

The efficiency of the ML-MCMC estimator above depends on the correlation between the fine and coarse outputs216

at each level. This transforms the problem of variance reduction in inverse problems into one of constructing effective217

proposal couplings (Γℓ = {qℓ, qℓ−1}) of the level-dependent Markov chains as discussed in section 3.1. Achieving218

efficient proposal couplings facilitates high correlations between the chains, essential for reducing the variance of the219

level wise (difference) estimators in Eq. (9). Once the coupling is established, we can solve an optimization problem220

to find the optimal number of samples for each MLMC level depending on the covariance structure of the functional221

estimates [11].222

We now provide a meta-algorithm for the ML-MCMC framework in Algorithm 2. The first step in the base223

algorithm is to sample from the lowest fidelity posterior distribution π0 using any ergodic MCMC algorithm and a224

proposal distribution Γ0 = q0, for example, Algorithm 1. Then, for the successive levels, based on the coupling225

method for the joint distribution, we construct a coupled Markov chain
{(
θi
ℓ, ϑ

i
ℓ−1

)}
i∈Z+

for which the marginal chains226

at two successive levels are highly correlated and sampled from their respective target distributions. This is done by227
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Algorithm 2 Meta algorithm for multilevel Markov chain Monte Carlo (ML-MCMC)

1: Input: List of target distributions, joint proposal distributions, number of samples and initial guesses for all
MLMC levels

{
πℓ, Γℓ,Nℓ, θ

0
ℓ

}L

ℓ=0

2: Output: Coupled chains
{
θi

0

}N0

i=1
,
{(
θi
ℓ, ϑ

i
ℓ−1

)}Nℓ

i=1
for ℓ = 1, 2, . . . L

3: if ℓ = 0 then
4: {θi

0}
N0
i=1 =MH-MCMC

(
π0, Γ0,N0, θ

0
0

)
5: end if
6: for ℓ = 1, 2, . . . L do
7: for i = 0, 1, . . .Nℓ − 1 do
8: Sample θ∗ℓ , ϑ

∗
ℓ−1 ∼ Γℓ

(
(·, ·) |

(
θi
ℓ, ϑ

i
ℓ−1

))
9: Sample u ∼ U(0, 1)

10: Accept or reject θi+1
ℓ = θ

∗
ℓ if u < αℓ, where αℓ is given by Eq. (4) for πℓ and qℓ

11: Accept or reject ϑi+1
ℓ−1 = ϑ

∗
ℓ−1 if u < αℓ−1, where αℓ−1 is given by Eq. (4) for πℓ−1 and qℓ−1

12: end for
13: Save the coupled chains

{
θi
ℓ, ϑ

i
ℓ−1

}Nℓ

i=1
14: end for
15: return

{
θi

0

}N0

i=1
,
{(
θi
ℓ, ϑ

i
ℓ−1

)}Nℓ

i=1
for ℓ = 1, 2, . . . L

proposing a joint state from the coupled Markov kernel followed by an accept-reject step based on the same uniform228

random number u as discussed in section 3.1. The coupled chains along with the coarsest level chain are saved and229

returned. The samples from all the chains are then used to compute the functional quantities used in the estimator230

in Eq. (9).231

3.3. Existing coupling methods for ML-MCMC232

We now review some existing non-deterministic coupling methodologies from the literature, each representing a233

specific choice for the proposal coupling Γℓ in Algorithm 2234

3.3.1. Delayed acceptance coupling [16]235

A powerful strategy to construct the coupled proposal distribution Γℓ is inspired by the delayed acceptance236

method [16]. Unlike standard MH couplings that separates the proposal and acceptance steps, the DA method in-237

tegrates a two-stage acceptance procedure into the proposal generation itself. The key insight is that a proposal is238

first evaluated against a computationally cheaper coarse model before being evaluated against the more expensive fine239

model. This method requires less computational effort compared to standard MCMC because the fine level forward240

model is called only if the coarse level proposal is accepted, leading to the name delayed acceptance. This idea moti-241

vates using the coarse level posterior distribution πℓ−1 as a proposal for the fine level posterior distribution πℓ. The242

general DA coupling strategy, which replaces Line 8 in Algorithm 2, is outlined below.243

Algorithm 3 General delayed acceptance coupling [15, 17] (Line 8 in Algorithm 2)

1: Generate a coarse proposal ϑ∗ℓ−1 via a method-specific procedure.
2: Set the fine proposal θ∗ℓ ← ϑ∗ℓ−1
3: return (θ∗ℓ , ϑ

∗
ℓ−1)

The key design choice is how to generate the coarse proposal ϑ∗ℓ−1 in step 1 of Algorithm 3. We review two244

implementations.245

(1) Hierarchical ML-MCMC with subsampling [15]. In this method, the coarse proposal ϑ∗ℓ−1 is generated by ap-246

proximating an independent draw from the coarse posterior πℓ−1. This approximation is achieved through a recursive247

subsampling procedure. At ℓ = 0, a standard long MCMC chain is run and then subsampled to produce approximately248

independent samples from π0. These samples are then used as proposals for the next level ℓ = 1. The proposals are249
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then accepted or rejected based on the delayed acceptance framework [16]. These samples are then subsampled again250

to produce approximately independent samples from π1 which are then used as proposals for level ℓ = 2. This process251

is repeated until the finest level L is reached. This recursive independent subsampling procedure is shown in Algo-252

rithm 4. A major limitation of this recursive method is the factorial growth in computational cost with the number of

Algorithm 4 Recursive independence sampling [15] (Line 1 in Algorithm 3)

1: If ℓ = 0: Run a long MCMC chain targeting π0 and subsample it to produce a set of nearly independent samples.
2: For each level k = 1, 2, . . . , ℓ − 1 (recursive step):
3: Use nearly independent samples from level k − 1 as proposals in a DA MCMC chain targeting πk [16].
4: Subsample the resulting chain to produce nearly independent samples from πk.
5: Set ϑ∗ℓ−1 as the final subsampled state from πℓ−1.
6: return ϑ∗ℓ−1

253

levels. To produce one independent sample ϑi
ℓ−1 on level ℓ − 1, we need to compute Tk :=

∏ℓ−1
k′=k tk′ samples on each254

of the levels k = 0, 1, . . . , ℓ − 1, where tk is the subsampling rate for level k. Furthermore, because the method relies255

on finite subsampling to approximate independent samples from the coarse posterior distributions, it introduces bias256

into the estimation procedure, and the coupled chains cannot be guaranteed to be ergodic [15, 20].257

(2) Multilevel delayed acceptance (MLDA) sampler [17]. The MLDA sampler resolves the ergodic limitations of the258

hierarchial sampling approach by constructing proposals via recursive finite-length MCMC subchains. Specifically, a259

proposal candidate ϑ∗ℓ−1 at level ℓ is generated by running a short MCMC subchain targeting πℓ−1, which itself may260

be generated by running a short MCMC subchain targeting πℓ−2, and so on, until the coarsest level ℓ = 0 is reached,261

where a standard MCMC chain is run. This procedure is summarized in Algorithm 5. Crucially, the Metropolis-

Algorithm 5 Recursive subchain using MLDA [17] (Line 1 in Algorithm 3)

1: If ℓ = 1: Generate subchain targeting π0 using any ergodic MCMC algorithm and return proposal ϑ∗0 for level 1.
2: If ℓ > 1: Generate subchain by recursively calling MLDA targeting πℓ−1.
3: Set the final state ϑ∗ℓ−1 from the subchain targeting πℓ−1 as the coarse proposal.
4: return ϑ∗ℓ−1

262

Hastings acceptance probability is correctly formulated to account for the exact transition kernel of the generating263

sub-chain, rather than assuming an independent proposal. This preserves the detailed balance condition and ensures264

that the resulting coupled ML-MCMC sampler is provably unbiased and ergodic.265

Both the hierarchical ML-MCMC with subsampling and the MLDA sampler effectively utilize the delayed accep-266

tance coupling strategy [16] to generate proposals for the fine level chain from the coarse level posterior distribution.267

In both algorithms, we screen the fine level proposals θ∗ℓ ← ϑ∗ℓ−1 through a sequence of cheaper coarse level accep-268

tances, which can significantly reduce the computational cost when the coarse model is a good approximation of the269

fine model. However, both methods suffer from a factorial growth in computational cost with the number of levels.270

Every proposal θ∗ℓ at level ℓ requires running subchains at all coarser levels, leading to an exponential increase in the271

total number of model evaluations as the number of levels increases. Furthermore, both methods rely on the assump-272

tion that the coarse and fine level posterior distributions are sufficiently similar to achieve high acceptance rates and273

effective correlation between the chains. When the posteriors are dissimilar, the acceptance rates drop significantly,274

leading to poor mixing and reduced variance reduction benefits.275

To mitigate this issue of dissimilar posteriors, the authors in [17] propose an adaptive error model (AEM). The276

AEM approximates the discrepancy between the coarse and fine level likelihoods using a Gaussian error model. The277

mean and covariance of this error model are learned adaptively using Haario’s adaptive MCMC algorithm [37] during278

the sampling process. The learned error model is then used to correct the coarse level likelihood, effectively aligning279

it more closely with the fine level likelihood. This correction improves the similarity between the coarse and fine280

posteriors, leading to higher acceptance rates and better sampling efficiency. However, the AEM works only if all the281

levels of the hierarchy use the same data. If the data or likelihood function changes between levels, the discrepancy282
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between model outputs is no longer a function of the model error alone, but also of the data inconsistency. In such283

cases, we cannot learn or apply a valid error model, limiting the applicability of this approach. We demonstrate284

these challenges in Section 5.3, where we compare AEM performance against our method on a prey-predator model.285

In summary, while both delayed acceptance coupling methods provide effective strategies for coupling ML-MCMC286

chains, they face challenges related to computational cost growth and sensitivity to posterior similarity.287

3.3.2. Independent proposal coupling [20]288

The next method uses an independent proposal as the joint proposal distribution in Algorithm 2. The authors289

in [20] couple the two chains with a proposal that is independent of the current state of either chain followed by an290

accept-reject step based on the same uniform random number. This approach ensures the generation of marginally291

true chains that are correlated, assuming the chains exhibit a good overall acceptance rate and demonstrate effective292

mixing. They also show that under some conditions on the proposal and posterior densities, there exists a unique293

invariant probability measure for the coupled chain. However, achieving ergodicity requires a strong theoretical294

condition: the proposal distribution q∗ℓ must have tails that decay more slowly than those of both posterior distributions295

πℓ and πℓ−1 (Assumption A.1. in [20]). If the proposal decays faster than the posteriors, the coupled chain may fail to296

explore the tails, breaking ergodicity.297

Algorithm 6 Independent proposal coupling [20] (Line 8 in Algorithm 2)

1: Construct independent proposal q∗ℓ
2: Sample θ∗ ∼ q∗ℓ from the independent proposal
3: Set θ∗ℓ , ϑ

∗
ℓ−1 = θ

∗

4: return (θ∗ℓ , ϑ
∗
ℓ−1)

The delayed acceptance coupling method in section 3.3.1 is a special case of the independent proposal coupling298

method where the proposal distribution is chosen to be the coarse level posterior distribution (q∗ℓ = πℓ−1). Therefore,299

the restrictive assumption on the tail decay of the proposal distribution in the independent proposal coupling method300

also applies to the delayed acceptance coupling method. The authors in [20] clearly show that the coupled chain ob-301

tained using the framework in [15] will not be ergodic unless the proposal distribution satisfies the condition in A.1.,302

which is usually the case in practice. However, the independent proposal coupling method has its own challenges,303

particularly in selecting an appropriate proposal distribution that satisfies the tail decay assumption while maintaining304

sufficient correlation between the chains. Given that the posterior distributions of the coupled chains are unknown, de-305

termining a suitable proposal distribution for the tail decay assumption becomes a non-trivial task. The authors in [20]306

recommend utilizing density approximation techniques such as Kernel Density Estimation (KDE), flow-based gener-307

ative models, or Laplace Approximations of the posterior distributions as viable proposal candidates. Nevertheless,308

these methods introduce additional computational complexity to the problem.309

3.3.3. Maximal coupling [21]310

Maximal coupling is a classic coupling technique that aims to maximize the probability of two coupled random311

variables being equal. This concept has been primarily used to prove convergence properties of MCMC chains [31].312

The authors in [21] adapt this idea to the ML-MCMC framework by maximally coupling chains at successive levels313

in the ML-MCMC framework to sample {θ∗ℓ , ϑ
∗
ℓ−1} from a maximal coupling of {qℓ, qℓ−1} such that θ∗ℓ ∼ qℓ(· | θi

ℓ) and314

ϑ∗ℓ−1 ∼ qℓ−1(· | ϑi
ℓ−1), with P(θ∗ℓ , ϑ

∗
ℓ−1) =

∥∥∥qℓ(· | θi
ℓ) − qℓ−1(· | ϑi

ℓ−1)
∥∥∥

TV , where ∥.∥TV is the total variation distance.315

Note that even though we term this method as a maximal coupling of the two chains, the proposal distributions316

are maximally coupled and a subsequent accept-reject step is performed on the proposals {θ∗ℓ , ϑ
∗
ℓ−1} with a common317

uniform random number. A procedure to sample from such a maximal coupling Γ∗ is taken from [31] called γ-318

coupling and is described in Algorithm 7. The readers are referred to [22, 36] for more such sampling techniques to319

sample from maximally coupled proposal distributions.320

Although this method allows for state-dependent proposals in contrast to the independent proposal coupling321

method, and is relatively inexpensive to implement, the correlation between the chains depends on the total varia-322

tion distance between the two proposal distributions, with smaller distances encouraging tighter coupling. Because323
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Algorithm 7 Maximal Coupling [21, 22, 31] (Line 8 in Algorithm 2)

1: Sample θ∗ℓ ∼ qℓ(· | θi
ℓ) and ψ | θ∗ℓ ∼ U

(
0, qℓ(θ∗ℓ | θ

i
ℓ)
)

2: If ψ ≤ qℓ−1(θ∗ℓ | ϑ
i
ℓ−1), set ϑ∗ℓ−1 ← θ∗ℓ

3: Else, sample ϑ∗ℓ−1 ∼ qℓ−1(· | ϑi
ℓ−1) and ϕ | ϑ∗ℓ−1 ∼ U

(
0, qℓ−1(ϑ∗ℓ−1 | ϑ

i
ℓ−1)

)
until ϕ > qℓ(ϑ∗ℓ−1 | θ

i
ℓ)

4: return (θ∗ℓ , ϑ
∗
ℓ−1)

the proposals are state-dependent, we want samples from each chain to be close to each other. However, achieving this324

proximity is infeasible in high dimensions or when the posterior distributions are dissimilar, which frequently occurs325

in practical applications. In those settings, the resulting weak coupling leads to poor correlation between the chains,326

limiting the variance reduction benefits of the ML-MCMC estimator.327

4. Proposed coupling methodology328

In this section, we introduce our SYNchronized step Correlation Enhancement (SYNCE) coupling method. We329

demonstrate how our approach overcomes the posterior-overlap limitations of the existing coupling methods, and330

provide a detailed framework for its implementation within the ML-MCMC estimator.331

4.1. SYNCE coupling332

Our proposed method is inspired from Pinto and Neal [28], where they couple Markov chains using common333

random number couplings. They couple two chains — the chain of an unknown target distribution, and a Gaussian334

approximation of the unknown target distribution to reduce the variance of their estimator. They state that two chains335

are coupled when their transitions are determined by the same random numbers. We extend this idea to our frame-336

work by using common random numbers for the two chains that sample from the ℓ’th and (ℓ − 1)’th level posterior337

distributions. Specifically, we use the same Gaussian random draw η ∼ N(0,Cℓ) for proposal generation and the same338

uniform random variable u ∼ U(0, 1) for the accept-reject step at both levels. Using the same random numbers η339

and u for both the chains ensures that the two chains are coupled and that the samples from the two chains are highly340

correlated. The simplest form of our proposed approach is given in Algorithm 8.341

Algorithm 8 Baseline SYNCE coupling (Line 8 in Algorithm 2)

1: Sample η ∼ N(0,Cℓ)
2: Set θ∗ℓ = θ

i
ℓ + η and ϑ∗ℓ−1 = ϑ

i
ℓ−1 + η

3: return (θ∗ℓ , ϑ
∗
ℓ−1)

This same-step strategy is fundamentally different from the same-sample strategy employed by the existing cou-342

pling methods discussed in section 3.3. Our approach ensures that the samples from both chains remain highly343

correlated, even when the posterior distributions are substantially different. In Fig. 1, we provide a visual comparison344

of the four coupling methods when the two posterior distributions πℓ and πℓ−1 are substantially different.345

In Fig. 1a, the fine chain uses the last accepted point from the coarse chain as its proposal. Since the posteriors346

are different, most of the proposals will be rejected leading to poor mixing and low correlation. In Fig. 1b, a com-347

mon sample is proposed independently for both the chains. Proposals are either accepted by both chains (green dots),348

rejected by both chains (red dots) or accepted by one chain and rejected by the other (green/red dots). When the poste-349

riors have no overlapping region, most of the proposals will be rejected by both chains leading to poor correlation and350

mixing. Fig. 1c depicts maximal coupling, where the probability of proposing the same sample via maximal coupling351

depends directly on the overlap between the two proposal distributions, which is measured by their total variation dis-352

tance. When the posteriors are far apart, this overlap shrinks, reducing the probability that the chains propose identical353

points. Consequently, maximal coupling becomes ineffective for non-overlapping posterior distributions, reducing the354

coupling to independent product of the marginals. Finally, Fig. 1d illustrates the SYNCE coupling method, where the355

proposals are forced to have the same magnitude and direction of change. This approach produces high correlation by356

design and ensures good mixing even when the posteriors are different.357
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πℓ−1 πℓ

(a) DA coupling [15, 17]

πℓ−1 πℓ

(b) Independent proposal coupling [20]

πℓ−1 πℓ

(c) Maximal coupling [21]

πℓ−1 πℓ

(d) SYNCE coupling

Figure 1: Comparison of the four coupling methods for two posteriors at levels ℓ − 1 and ℓ that are different and do not overlap.

4.2. Theoretical analysis358

In this section, we provide a theoretical analysis of the proposed SYNCE coupling method. We first define the359

coupled Markov kernel pSYNCE
ℓ

induced by the SYNCE coupling method in Algorithm 8. We then prove that the360

coupled kernel admits an invariant probability measure and establish geometric ergodicity to this invariant measure.361

Specifically, we obtain quantitative bounds on the rate of convergence of the coupled kernel to its invariant measure.362

Let pSYNCE
ℓ

: X2 × X2 → [0, 1] denote the Markov transition kernel induced by SYNCE coupling in Algorithm 8.363

The kernel uses the coupled proposal to propose new states (θ∗ℓ , ϑ
∗
ℓ−1) ∼ Γℓ

(
(·, ·) | (θi

ℓ, ϑ
i
ℓ−1)

)
for the two chains at level364

ℓ and ℓ − 1. Following the notation αi
ℓ := αℓ(θi

ℓ, θ
∗
ℓ ), α

i
ℓ−1 := αℓ−1(ϑi

ℓ−1, ϑ
∗
ℓ−1), Γi

ℓ := Γℓ(θi
ℓ | dθ

∗
ℓ ) and for any A ∈ X2,365

we define the joint kernel as366

pSYNCE
ℓ

(
θi
ℓ, A

)
=

∫
X2

min(αi
ℓ, α

i
ℓ−1)Γi

ℓδθ∗ℓ ,ϑ
∗
ℓ−1

(A) +
∫

X2
(αi

ℓ − α
i
ℓ−1)+Γi

ℓδθ∗ℓ ,ϑ
i
ℓ−1

(A)

+

∫
X2

(αi
ℓ−1 − α

i
ℓ)
+Γi

ℓδθi
ℓ
,ϑ∗
ℓ−1

(A) +
(
1 −

∫
X2

max(αi
ℓ, α

i
ℓ−1)Γi

ℓ

)
δθ∗

ℓ
,ϑ∗
ℓ−1

(A). (10)

where x+ := (x+ | x |)/2, ∀x ∈ R. Each of the four terms above correspond to the four possible transitions in the367

coupled chain. The first term corresponds to the case where both the chains accept their respectively proposed point,368

the second and third terms correspond to the cases where only one of the chains accepts their proposed points and the369

last term corresponds to the case when both the chains reject their proposed points.370

Establishing ergodicity of the coupled kernel in Eq. (10) is not trivial because the joint invariant measure µℓ,ℓ−1 is371

not explicitly defined a-priori. Consequently, its existence and invariance must be derived rather than assumed. Our372

proof strategy builds upon the classical Meyn-Tweedie framework [42]: we demonstrate that the coupled kernel satis-373

fies ψ-irreducibility, aperiodicity, minorization, and a Foster-Lyapunov drift condition. These properties collectively374

ensure the existence of a unique invariant probability measure and guarantee geometric convergence to this mea-375

sure. To facilitate our analysis, we introduce the following assumptions regarding the target densities and proposal376

distributions used in the marginal MH-MCMC kernels at levels ℓ and ℓ − 1.377

Assumption 4.1. For each marginal level j ∈ {ℓ, ℓ − 1} targeting measure µ j with density π j (i.e., either πℓ or πℓ−1)378

with a random walk proposal q(·),379

(A.1) [Cf. Theorem 2.1 in [44]] The target density π j is continuous and bounded away from 0 and ∞ on compact380

sets S , i.e,381

0 < πmin ≤ π j(x) ≤ πmax < ∞, ∀x ∈ S ,

where πmin = minx∈S π j(x) and πmax = maxx∈S π j(x).382

(A.2) [Cf. Eq. (25) in [44]] The target density π j is super-exponentially light, i.e.,383

lim sup
|x|→∞

〈
x
|x|
,∇ log π j(x)

〉
= −∞.
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(A.3) [Cf. Eq. (8) in [44]] The proposal density q(x) of the random walk increment is bounded away from zero in384

some neighborhood of the origin, i.e., there exists δq > 0 and ϵq > 0 such that385

q(x) ≥ ϵq, ∀|x| ≤ δq.

A standard result in random walk Metropolis theory states that if the proposal is locally positive (assumption (A.3))386

and the target is continuous and bounded (assumption (A.1)), then every compact set is a small set [43, 44]. A small387

set is a region where the chain can forget its past and regenerate with some positive probability. When the chain strays388

away from these compact small sets, the super-exponential tail condition (assumption (A.2)) ensures that there exists a389

drift function V j that pulls the chain back toward these small sets. The local mixing property (minorization) combined390

with the global drift condition guarantees geometric ergodicity of the chain. We formalize these ideas in the following391

lemma, which provides necessary ingredients for our subsequent analysis of the coupled kernel.392

Lemma 4.1. Let p j, j ∈ {ℓ, ℓ − 1} be the marginal MH-MCMC kernel (Eq. (3)) targeting π j with random walk393

proposal q(·) satisfying Assumption 4.1. Then, there exists a small set S j ⊂ X and Lyapunov function V j such that:394

(B.1) A one step minorization condition holds on S j; that is, there exists a probability measure ν j on (X,X) and a395

(minorizing) constant δ j ∈ (0, 1) such that396

p j(x, A) ≥ δ jν j(A), ∀x ∈ S j, A ∈ X.

(B.2) The Lyapunov function V j : X → [1,∞) satisfies the drift condition:397

(p jV j)(x) ≤ Λ jV j(x) + b j1x∈S j , ∀x ∈ X.

Here, (p jV j)(x) := Ep j(x,·)

[
V j

(
Xn+1

)
| Xn = x

]
denotes the expected value of V j after one step of the chain398

starting from x, Λ j ∈ (0, 1), b j ∈ R+ are constants, and S j := {x ∈ X : V j(x) ≤ ∆ j} for some ∆ j > 0.399

Proof (Lemma 4.1). The proof is provided in [44] for item (B.1) and [43] for item (B.2).400

□401

With the marginal properties now established, we now present the main theorem of this section that characterizes402

the ergodicity of the SYNCE coupled kernel.403

Theorem 4.1 (Geometric ergodicity of the SYNCE coupled kernel). Suppose that Assumption 4.1 holds for the404

two target densities πℓ, πℓ−1 and the Gaussian random walk proposal q = N(0,Cℓ). Then, for any ML-MCMC level405

ℓ = 1, . . . , L,406

1. The joint kernel pSYNCE
ℓ

in Eq. (10) admits a unique invariant probability measure µℓ,ℓ−1 on (X2,X2) with407

marginals πℓ and πℓ−1.408

2. The joint chain induced by the SYNCE coupled kernel is geometrically ergodic; that is, there exist a joint409

Lyapunov function V̂ℓ : X2 → [1,∞), a constant Rℓ < ∞, and a convergence rate ρ ∈ (0, 1) such that410 ∥∥∥∥(pSYNCE
ℓ

)n
(x, ·) − µℓ,ℓ−1(·)

∥∥∥∥
TV
≤ RℓV̂ℓ(x)ρn, ∀n ≥ 0, x ∈ X2.

3. The convergence rate ρ satisfies the explicit bound:411

ρ = inf
r∈(0,1)

max

(1 − δ)r(2b̂ + 1)1−r,

(
Λ̂SYNCE +

2b̂ + 1 − Λ̂SYNCE

∆ + 1

)1−r , (11)

where the constants depend on the joint small set S = S ℓ × S ℓ−1 constructed in Lemma A.3 as follows:412
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• δ ∝ ϵq
πmin
πmax

is the minorization constant from Lemma A.2. Recall that ϵq is the lower bound on the proposal413

density from assumption (A.3), and πmin, πmax are the posterior bounds from assumption (A.1) within the414

joint small set S .415

• Λ̂SYNCE = max (Λℓ,Λℓ−1) +max
(

bℓ
1+∆ℓ−1

, bℓ−1
1+∆ℓ

)
is the joint drift rate from Lemma A.3.416

• b̂ = 1
2 (bℓ + bℓ−1) is the drift constant on the small set S from Lemma A.3.417

• ∆ is the threshold defining the joint small set S := θ ∈ X2 : V̂ℓ(θ) ≤ ∆ from Lemma A.3.418

Proof (Theorem 4.1). The proof follows by verifying the conditions of the Meyn-Tweedie framework (see Theorem419

15.0.1 in [42]). Since pSYNCE
ℓ

is a coupling of standard MH-MCMC kernels, its marginal invariance is guaranteed by420

construction. Geometric ergodicity then follows from establishing ψ-irreducibility and aperiodicity (Lemma A.1), a421

minorization condition (Lemma A.2), and a joint drift condition (Lemma A.3). An explicit analytical bound for the422

convergence rate ρ is provided in Eq. (11) based on Theorem 1.3.5 in [46].423

□424

Remark 1. The geometric convergence rate ρ for the SYNCE coupled kernel established in Theorem 4.1 depends425

exclusively on the marginal posterior bounds, tail properties, and the lower bound on the proposal. Consequently, the426

rate remains unaffected by the degree of overlap between the two posterior distributions πℓ and πℓ−1.427

4.3. Convergence analysis and comparison428

429

Theorem 4.1 establishes that the SYNCE algorithm generates samples that converge asymptotically to the unique430

joint invariant measure µℓ,ℓ−1, preserving the correct marginals πℓ and πℓ−1. The property of geometric ergodicity431

guarantees that convergence to this invariant measure occurs at an exponential rate. As evident from Eq. (11), this432

rate is determined by two key components: the minorization constant δ ∝ ϵqπmin/πmax and the drift constant Λ̂SYNCE.433

These constants encapsulate the local mixing behavior within small sets and the global drift behavior outside these434

sets, respectively. This implies that the rate depends exclusively on the marginal posterior bounds, tail behavior, and435

the proposal bound, independent of the overlap between the posterior or proposal distributions. Even in scenarios436

where the two posterior distributions πℓ and πℓ−1 are dissimilar or disjoint, the SYNCE coupling method maintains a437

robust convergence rate determined solely by the efficiency of the marginal random walk exploration. This robustness438

stems from the methodology of synchronizing the steps of both chains instead of attempting to force them to accept439

the same sample as seen in Fig. 1.440

The theoretical analysis also provides insights towards improving its performance further through the lens of441

adaptation and resynchronization. To achieve fast convergence rates, we need to minimize the constant ρ. This442

requires us to maximize the proposal bound ϵq and minimize the drift constant Λ̂SYNCE. The constant ϵq is a property443

of the proposal distribution q, representing the minimum probability density for making small moves. A larger ϵq can444

be achieved by choosing a proposal with an appropriate step size (covariance)—not too large, not too small – that445

encourages efficient local exploration. The drift constant Λ̂SYNCE reflects how strongly the chain is pulled back from446

the tails of the distribution. The pull is strongest when the proposal distribution q is well-matched to the geometry447

of the target posterior. A proposal that suggests moves aligned with the target’s shape and scale will lead to higher448

acceptance rates and a stronger, faster drift back to the high-probability region, resulting in a smaller Λ̂SYNCE. This449

motivates the need for adaptation and resynchronization strategies, which we discuss in sections 4.4 and 4.5.450

We compare the convergence rates of the SYNCE kernel with the three existing coupling methods. While explicitly451

comparing the convergence rates is challenging due to the complexity of the constants involved, we analyze the452

limiting factors of the convergence rate in the worst-case scenario – when the two posterior distributions πℓ and πℓ−1453

are dissimilar and have little to no overlap. This regime is particularly important because it corresponds to cases with454

distinct model fidelities or changing data between levels.455

13



Independent proposal/Delayed acceptance coupling. For the independent proposal coupling method in Algorithm 6,456

the uniform convergence rate bound derived in [20] is given by457

∥pn(x, ·) − µ(·)∥TV ≤ (1 − ρ)n, ∀n ≥ 0,∀x ∈ X, ρ ∈ (0, 1),

with ρ = c
(
1 − ∥πℓ − πℓ−1∥TV

)
. The constant c ∈ (0, 1) is related to the proposal distribution c ≤ ess infx∈X

(
q∗ℓ(x)/π j(x)

)
.458

Here, q∗ℓ(x) is the independent proposal distribution in Algorithm 6 and j ∈ {ℓ, ℓ− 1}. The delayed acceptance method459

in Algorithm 3 is a special case with q∗ℓ = πℓ−1. If the two posterior distributions πℓ, πℓ−1 do not overlap, then the TV460

distance ∥πℓ − πℓ−1∥TV will be close to 1 and the convergence will be slow because ρ will be close to 0. This depen-461

dence on posterior overlap is a significant drawback of the independent proposal coupling method and the delayed462

acceptance coupling method.463

Maximal coupling. The maximal coupling method in Algorithm 7 is designed to maximize the probability that the464

two chains propose the same state, θ∗ℓ = ϑ∗ℓ−1. As a random walk algorithm, its convergence is governed by the465

same theoretical framework as the SYNCE kernel established in Theorem 4.1. However, a critical difference lies466

in the minorization constant δ. For maximal coupling, the construction of the minorizing measure ν relies on the467

event that the chains successfully couple (see Lemma 6.3.2 in [21]). Specifically, the minorization constant δ for this468

method is bounded by the integral of the overlap between the proposal densities,
∫

min
(
qℓ(· | θi

ℓ), qℓ−1(· | ϑi
ℓ−1)

)
dx =469

1 −
∥∥∥qℓ(· | θi

ℓ) − qℓ−1(· | ϑi
ℓ−1)

∥∥∥
TV . If the posteriors πℓ and πℓ−1 are dissimilar, the state-dependent proposals qℓ and470

qℓ−1 will also have small overlap. In this limit, the minorization constant δ → 0, causing the convergence rate ρ to471

approach 1 (see Theorem 1.3.5 in [46]). While this method improves upon the independent proposal coupling method472

by utilizing state-dependent proposals, it still suffers from slow convergence when the posteriors are dissimilar.473

The distinct advantages and disadvantages of each coupling strategy are summarized in Table 1, which highlights474

how the SYNCE coupling method effectively addresses the limitations of existing approaches by ensuring high cor-475

relation between chains for any two posterior distributions while being computationally efficient and straightforward476

to implement.477

Method Pros Cons
DA ML-MCMC [15] Good correlation for close posteriors Factorial cost, non-ergodic
MLDA [17] Good correlation and ergodic Factorial cost, requires consistent data
Independent proposal [20] Good correlation and ergodic Requires good independent proposal
Maximal coupling [21] State dependent proposals Requires overlap between proposals
SYNCE coupling [this paper] State dependent proposals, high corre-

lation, cheap, easy to implement
Requires proposal covariance tuning

Table 1: Advantages and disadvantages of all the methods discussed. SYNCE overcomes the limitations of existing methods by ensuring high
correlation between chains for any two posterior distributions while being computationally inexpensive and easy to implement.

Remark 2. While Theorem 4.1 establishes geometric ergodicity of the SYNCE coupled kernel, obtaining rigorous478

theoretical guarantees for the overall cost and convergence rates of the ML-MCMC estimator requires verifying a set479

of technical assumptions [12, 15, 20]. Providing a theoretical proof that these assumptions hold in general for the480

SYNCE coupling method is beyond the scope of this paper. Instead, we provide numerical evidence in section 5 that481

the assumptions are satisfied for a subsurface flow problem taken directly from [20]. For completeness, we present482

the full set of assumptions and the resulting ϵ-cost complexity theorem in the supplementary material section S1.483

4.4. Adaptation484

The performance of SYNCE is highly dependent on the choice of the covariance Cℓ for the same-step η in Algo-485

rithm 8. In Fig. 1d, when steps of high magnitude are proposed, the proposals are likely to be rejected, especially if the486

posteriors are different. This leads to low acceptance rates, suboptimal mixing and small effective sample sizes. On487

the other extreme, when the steps are too small, samples are accepted quite often and the correlation is quite high, but488

the chains do not explore the posterior space effectively. To balance exploration, mixing, and correlation, we employ489
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adaptive MCMC techniques [37, 38, 40]. These works provide a framework to adapt the proposal distribution such490

that optimality in the sense of some target measure is reached.491

Standard adaptation algorithms update a scalar λ that scales the empirical covariance of the samples collected so492

far to ensure that the acceptance rate of the chain is close to some target value α∗. The updates are given by (Algorithm493

4 in [40]):494

log(λi+1) = log(λi) + γi+1
(
α(θi, θ∗) − α∗

)
,

µi+1 = µi + γi+1(θi+1 − µi),

Σi+1 = Σi + γi+1
(
(θi+1 − µi)(θi+1 − µi)T − Σi

)
, (12)

where γi+1’s are chosen to satisfy the diminishing adaptation condition [40]. In our coupled framework, we update the495

scaling factor λ, empirical mean µ, and covariance Σ individually for each chain, while maintaining coupling through496

a shared underlying random number. Specifically, we generate a common random number η from the standard normal497

distribution and multiply it with the square root of the adapted covariance and the scaling factor for each chain498

separately. The coupled proposals are now given by:499

η ∼ N(0,Id), θ∗ℓ = θ
i
ℓ + λ

i
ℓ

√
Σi
ℓ
η, ϑ∗ℓ−1 = ϑ

i
ℓ−1 + λ

i
ℓ−1

√
Σi
ℓ−1η, (13)

where d is the dimension of the parameter space. This formulation ensures that the chains are coupled, and the500

samples are highly correlated while exploring the individual posterior spaces effectively. This specific form has ties501

to the optimal transport equation for two Gaussians [30], specifically for our case, transporting the sample from the502

standard normal Gaussian to the level-dependent marginal.503

4.5. Resynchronization504

Covariance adaptation enables SYNCE to improve correlation between chains targeting dissimilar posteriors.505

However, in high-dimensional problems, we may encounter stages where the proposed step is accepted by one chain506

and rejected by the other. Over many iterations, this can cause the absolute states of the chains to become decorrelated,507

even though the underlying proposal mechanism remains synchronized. This phenomenon exposes a fundamental508

trade-off: SYNCE correlates the change in state, which is robust, but it does not directly force the states themselves509

to be correlated, which depends on the relative acceptance behavior of the two chains. To counteract this drift,510

we periodically resynchronize the chains to the same state. Specifically, we construct a mixture kernel [21]: the511

SYNCE coupling kernel pSYNCE
ℓ

and another kernel p∗ℓ that proposes the same sample for both the chains, such as the512

independent proposal kernel or the delayed acceptance kernel. The transition kernel pSYNCE-R
ℓ

is then given by:513

pSYNCE-R
ℓ = ωℓp∗ℓ + (1 − ωℓ)pSYNCE

ℓ , (14)

where ωℓ ∈ (0, 1) determines the frequency of resynchronization. Crucially, resynchronization is only beneficial when514

the posteriors exhibit sufficient overlap. If the distributions are disjoint, resynchronization will likely lead to both515

chains rejecting the proposed point, resulting in no state change and wasted computational effort. Therefore, we set516

ωℓ to 0 for small ℓ values and increase it as ℓ increases. This ensures that when the posteriors are far off from each517

other, no resynchronization takes place and the chains are coupled using the SYNCE coupling kernel. When the518

posteriors become closer with higher levels, the chains are resynchronized using both the SYNCE coupling kernel519

and the resynchronization kernel. We note that the optimal choice of ωℓ is non-trivial. In practice, we estimate the520

degree of overlap using samples from the burn-in period and tune ωℓ accordingly. While an adaptive strategy for ωℓ521

could be developed, we leave this for future work.522

The final adaptive proposed coupling method is given in Algorithm 9. The algorithm improves upon Algorithm 8523

by adapting and scaling the covariance for both the chains separately and simultaneously, and resynchronizing the524

chains when needed for better correlation. Using resynchronization only for the fine levels, the adaptive parame-525

ters λ, µ and Σ are used to set the mean and covariance of the independent proposal distribution in Algorithm 6:526

µIMH
ℓ = 1/2

(
µi
ℓ + µ

i
ℓ−1

)
and ΣIMH

ℓ = 1/2
(
Σi
ℓ + Σ

i
ℓ−1

)
for ℓ = 1, 2, . . . , L. This ensures that for close and similar shaped527

posteriors, we obtain highly correlated chains with good mixing properties.528
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Algorithm 9 SYNCE with adaptation and resynchronization (SYNCE-AR) (Line 8 in Algorithm 2)

1: Input: Target densities πℓ, πℓ−1; current states θi
ℓ, ϑ

i
ℓ−1; adaptive parameters λi

ℓ,Σ
i
ℓ, λ

i
ℓ−1,Σ

i
ℓ−1; resync weight ωℓ

2: Output: Next states
{
θ∗ℓ , ϑ

∗
ℓ−1

}
3: Sample w ∼ U(0, 1)
4: Sample η ∼ N(0,Id)
5: if w ≤ ωℓ then
6:

(
θ∗ℓ , ϑ

∗
ℓ−1

)
= Algorithm 6/Algorithm 3 ▷resynchronize

7: else if w > ωℓ then
8: Set θ∗ℓ = θ

i
ℓ + λ

i
ℓ

√
Σi
ℓ
η and ϑ∗ℓ−1 = ϑ

i
ℓ−1 + λ

i
ℓ−1

√
Σi
ℓ−1η ▷SYNCE-A

9: end if
10: return

(
θ∗ℓ , ϑ

∗
ℓ−1

)

−5 0 5

x

0.0

0.1

0.2

0.3

0.4

0.5

π
(x

)

` = 0
...

` = 10

−5 0 5 10

x

0

5

10

15

y

Figure 2: Posterior distributions for the Gaussian examples at different levels. The figure on the left corresponds to section 5.1 and the figure on
the right corresponds to section 5.2.

5. Experimental results529

In this section, we validate the performance of the SYNCE coupling method through four numerical examples.530

The first example is a simple Gaussian taken from [20] to illustrate the effectiveness and sanity of the proposed531

methodology. The second example is a two-dimensional extension to the first Gaussian problem that highlights the532

need for adaptation and resynchronization in the SYNCE coupling method. These two examples are not BIP involving533

a likelihood function, but are useful to illustrate the performance of the proposed coupling method. The third example534

is a prey-predator model governed by a system of ordinary differential equations (ODEs) taken from [17] to compare535

the proposed method with the AEM enhanced MLDA coupling method described in section 3.3.1. The final example536

involves uncertainty quantification for Darcy flow [20, 15]. This example is a well known benchmark and will be537

used to show that the proposed methodology satisfies the assumptions needed for the ϵ-cost complexity theorem in538

the supplementary material section S1.539

5.1. Shifting Gaussian540

In this example, we sample from shifting Gaussians parameterized as πℓ = N(2−ℓ+2, 1) for ℓ = 0, 1, . . . , L. The541

target posteriors are plotted on the left in Fig. 2. This setup serves as a robust test of coupling efficiency, particularly542

at coarser levels (e.g., ℓ = 1 and ℓ = 2) where the distributions are significantly shifted despite sharing similar543

shapes. We compare four methods: the delayed acceptance coupling with hierarchical subsampling (Algorithm 4), the544

independent proposal coupling method (Algorithm 6), the maximal coupling method (Algorithm 7) and the proposed545

SYNCE coupling method (Algorithm 8). We fix L = 6 and use the same Gaussian proposal qℓ = N(2, 3) across all546

levels for the relevant algorithms. The proposal distribution for the coarsest ℓ = 0 posterior is set to q0 = N(·, 1)547

and 50,000 samples are used for all levels according to [20]. We use the same proposal covariance for SYNCE with548

Cℓ = 3 to provide a fair comparison.549
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Figure 3: Scatter plots and histograms of samples from the different coupling algorithms for the shifting Gaussian example. For each level, the
X-axis represents the samples at the ℓ’th level and the Y-axis represents the samples at the (ℓ − 1)’th level. The red line on the histogram plots
represents the true posterior distribution at the respective levels. Existing methods either fail to correctly sample from the marginals (row 1), produce
diffused scatter plots with weak correlation despite correct marginals (row 2), or exhibit degrading diagonal concentration as posteriors diverge
(row 3). SYNCE (row 4) consistently produces tightly clustered points along a dominant diagonal across all levels – indicating robust correlation.
The adaptive diagonal slope is not constrained to one, reflecting the relative shift between the posteriors while maintaining right marginals.

Fig. 3 provides validation if the coupling algorithms are able to sample from the correct marginal distributions550

and demonstrate the joint distribution of levels ℓ = {2, 4, 6} for the four methods. In the first row of Fig. 3, the DA551
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with hierarchical subsampling method fails to correctly sample from the marginal distributions. The DA method fails552

because the hierarchical subsampling scheme violates the tail decay assumption required for ergodicity, as discussed553

in section 3.3.2. The other three methods all correctly recover the true marginals, indicating that they are ergodic.554

However, the joint scatter plots differ significantly between the proposed SYNCE coupling method and the existing555

methods. The samples from the three existing methods are either perfectly coupled (lying on the line with slope one) or556

uncorrelated (scattered points). This behavior confirms that these methods only induce correlation when the samples557

fall into the shared overlapping region of the posteriors. Outside the shared region, the samples become uncorrelated,558

leading to scattered joint distributions above the diagonal (posteriors shifting from right to left). This scattering effect559

is more pronounced at coarser levels where the posteriors are more dissimilar. In contrast, the SYNCE coupling560

method produces a tightly clustered diagonal line with a slope that is not necessarily equal to one. This behavior561

indicates that SYNCE does not care about the overlap between the posteriors, effectively capturing the shift between562

them without any prior knowledge about their distributions.563

In Fig. 4, we show how well the samples are correlated between two successive MLMC levels. We plot the564

Pearson correlation coefficient in Eq. (8) between the samples at the ℓ’th level and the (ℓ − 1)’th level for the different565

coupling algorithms. We see that the delayed acceptance, independent proposal and the maximal coupling methods566

produce samples that are not well correlated at the coarser levels. This weak correlation is a direct consequence of567

the fact that the posteriors at these coarse levels have minimal overlapping posterior regions. However, our method568

does not depend on this overlap and rather tries to couple (different) samples by proposing the same noise in the569

Gaussian random walk. This is why the SYNCE coupling method achieves the largest correlation, particularly for570

coarser levels.571
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Figure 4: Pearson correlation coefficient between samples of all levels for the shifting Gaussian example. The coefficient is a linear measure of
how well samples are correlated. Higher correlations yield greater variance reduction and we see that the SYNCE coupling algorithm achieves the
greatest correlation, particularly for the coarser levels of the hierarchy.

5.2. Rotating-shifting Gaussian572

Next, we consider a 2D family of Gaussians to demonstrate advantages of the SYNCE coupling method under573

varying covariance structures. The posterior densities are given by:574

πℓ = N

(
µ′ℓ =

[
2−ℓ+2

3−ℓ+2

]
,Σ′ℓ =

[
2 2−ℓ

2−ℓ 1

])
, (15)

for ℓ = 0, 1, . . . , L. The posterior distributions are visualized in Fig. 2. This example extends the first problem by575

introducing rotation in addition to the shift. This added complexity allows us to isolate and highlight the importance576

of adaptation and resynchronization discussed in sections 4.4 and 4.5. We run two different experiments with the577

number of levels set to L = 6 and the number of samples in each level set to 50,000. We discard the first 20,000578

samples as burn in and apply any adaptation in this period to get a good estimate of the adaptation parameters. In579

the first experiment, we compare the baseline SYNCE coupling method without adaptation and resynchronization580
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(Algorithm 8) with the maximal coupling method (Algorithm 7) for Gaussian random walk proposals. In the second581

experiment, we compare three algorithms: SYNCE-A, SYNCE-AR (Algorithm 9) and the independent proposal582

(Algorithm 6) coupling method. SYNCE-A refers to the proposed SYNCE coupling method with only adaptation i.e,583

setting ωℓ = 0 for ℓ = 1, 2, . . . , L in Algorithm 9.584

5.2.1. Experiment 1: Baseline SYNCE vs maximal585

In this experiment, we set a fixed proposal distribution qℓ = N (·, [[3, 0], [0, 3]]) for all the levels ℓ = 0, 1, . . . , L.586

This proposal is chosen to ensure a 44% acceptance rate for the chains at all levels, the optimal value for Gaussian587

random walk proposals according to [39]. The consistent choice of proposal distribution also ensures a fair comparison588

between the two algorithms.589
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Figure 5: Comparison of the maximal coupling method and baseline SYNCE on the rotating-shifting Gaussian example (first dimension). (a) Level-
wise correlation showing SYNCE’s advantage at lower levels but disadvantage at finer levels. (b) Autocorrelation at the finest level, confirming
comparable sampling efficiency because of similar proposal distributions.

In Fig. 5a, we plot the correlation between the samples at all levels for both the methods for the first dimension.590

The maximal coupling method produces samples that are highly correlated at finer levels and very poorly correlated at591

the coarser levels. The dissimilarity between the posteriors at the coarse levels results in a high total variation distance592

for the coupled kernel, leading to a low probability of a common sample being proposed for the two chains. Low593

probability of proposing the same sample results in poor correlation between the samples for the coarse levels as seen594

in the figure. SYNCE however, does produce samples that are well correlated at all levels, and, there are two important595

observations to be made. First, there is a noticeable increasing trend in the correlation, which appears to saturate to596

some fixed value as we move from coarse to fine levels. At the coarsest level ℓ = 1, the correlation is significantly597

smaller compared to the other levels. This low correlation is attributed to the distinct shape (covariance structure)598

between the two posteriors π0 and π1 as seen in Fig. 2. Second, the correlation at the finest level is not as high as the599

maximal coupling method. Even though the posteriors are quite close in shape and distance, the two chains are not600

exactly in sync as our method does not propose the same candidate sample for the two chains. While taking the same601

step is beneficial at the coarser levels, it presents drawbacks at the finer levels. In Fig. 5b, we plot the autocorrelation602

of the samples obtained from the two methods for the finest level. As expected, both the methods show similar decays603

in the autocorrelation with the same covariance of the proposal distribution. The moderate correlation at the finer604

levels suggest that we need modifications in our SYNCE algorithm. In the next experiment, we show how adaptation605

and resynchronization serve this purpose.606

5.2.2. Experiment 2: SYNCE-A vs SYNCE-AR vs independent proposal coupling607

In this experiment, we compare the SYNCE coupling method with only adaptation (SYNCE-A), the SYNCE cou-608

pling method with adaptation and resynchronization (SYNCE-AR), and the independent proposal coupling method.609
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For SYNCE-A, we set the resynchronization weight ωℓ = 0 for all levels ℓ = 1, 2, . . . , L in Algorithm 9. For SYNCE-610

AR, we set ω = [0, 0, 0, 0.2, 0.3, 0.5] for their respective levels and choose the level wise independent proposal dis-611

tribution qℓ = N
(
µIMH
ℓ , [[3, 0], [0, 3]]

)
with µIMH

ℓ =
(
µ′ℓ + µ

′
ℓ−1

)
/2 as the resynchronization proposal. This proposal612

is chosen to satisfy the tail decay assumption and to achieve optimal mixing properties for both the coupled chains.613

Finally, we set the target acceptance rate to 44% for all levels.614
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Figure 6: Comparison of independent, SYNCE-A, and SYNCE-AR on the rotating-shifting Gaussian example (first dimension). (a) Level-wise
correlation highlighting improved correlation compared to Fig. 5a because of adaptation in the lower levels and resynchronization in the higher
levels. (b) Autocorrelation at the finest level, confirming improved mixing with resynchronization.

In Fig. 6a, we provide correlation plots as before. The effect of adaptation at the coarser levels is clear when615

comparing this figure with Fig. 5a. Rescaling each individual chain’s proposal distribution to account for the respective616

posterior’s covariance structure ensures that the chains stay in sync as much as possible while exploring the posterior617

space. However, at the finer levels, we are still limited by the fact that the same sample is not proposed for the two618

chains. Introducing resynchronization solves this limitation, promoting better syncing of the chains, especially at the619

finest levels where we expect the posteriors to be quite close to each other. In Fig. 6b, we plot the autocorrelation of620

the samples for the finest level for the first dimension. Note the improvement in the autocorrelation decay when we621

introduce resynchronization to the SYNCE coupling method because it promotes better mixing in fine levels. Overall,622

adaptation is crucial for improving correlation at coarser levels, while resynchronization enhances correlation and623

mixing at finer levels.624

5.3. Prey-predator problem625

In this BIP, we adapt the Lotka-Volterra prey-predator model problem from [17] to compare the proposed SYNCE626

coupling method with the AEM enhanced MLDA method described in section 3.3.1. The original problem in [17]627

is not directly suitable for this comparison for two main reasons. First, the fidelity levels in the original setup are628

obtained by varying the time domain over which the model is solved. This choice of fidelity creates inconsistent data629

across levels, making it unsuitable for the AEM. Second, the resulting posterior distributions in the original problem630

across levels are quite similar to each other, which does not pose a challenge to multi-fidelity sampling.631

To address these issues, we propose a modified version of the prey-predator problem. In this version, we maintain632

the same time domain of T = [0, 12] across all fidelity levels but introduce model discrepancy by adding some633

additional terms to the governing equations at coarser levels. This approach creates dissimilar posterior distributions634

across levels, providing a more rigorous test case (see supplementary material S2). The modification allows for635

comparison between the SYNCE method and the AEM enhanced MLDA method, implemented in the tinyDA library.636

The Lotka-Volterra model describes the interaction between populations of prey (N) and predator (P) species over637

20

https://github.com/mikkelbue/tinyDA


0 2 4 6 8 10 12
Time

0.0

2.5

5.0

7.5

10.0

12.5

15.0

D
en

si
ty

Prey (N)

0 2 4 6 8 10 12
Time

Predator (P )

Level 0 model Level 1 model Level 2 model Level 3 model Data points

Figure 7: Model evaluations and data for the four fidelity levels of the prey-predator problem for the true parameters. Introducing model discrepancy
terms creates differences between the model predictions at different fidelity levels.

time [17]. The governing equations of the general model are given by a system of ODEs as:638

dN
dt
= aN − bNP − ϵN N + δN , (16)

dP
dt
= cNP − dP − ϵPP,

where a, b, c, d are the model parameters and ϵN , ϵP, δN represent model discrepancy terms. The initial populations of639

prey and predator species, denoted by N0 and P0 respectively, are also considered as uncertain parameters. Thus, the640

complete set of uncertain parameters is given by θ = [N0, P0, a, b, c, d] ∈ R6. We consider L = 3 levels and describe641

each level by the values of the model discrepancy terms as shown in the table below. For the BIP, we assume Gaussian

Table 2: Model discrepancy terms for different fidelity levels

Level (ℓ) ϵN ϵP δN

3 0.0 0.0 0.0
2 0.1 0.0 0.0
1 0.3 0.1 0.0
0 0.5 0.2 0.3

642

prior distributions for all the parameters with means and variances as given in [17]. The models are solved using the643

SciPy library’s solve_ivp function with the RK45 method. The observed data is generated by solving the finest level644

model with a true set of parameters θtrue = [10, 5, 1.0, 0.3, 0.2, 1.0] and adding Gaussian noise with zero mean and645

variance σ2
noise = 1.02 at 25 equally spaced time points in the time domain T . The four fidelity models along with the646

observed data are shown in Fig. 7.647

We run Algorithm 2 with both the coupling methods for 12,000 samples for the finest level and discard the first648

2,000 samples as burn in. For the other three levels, we run the same 12,000 samples for SYNCE coupling method and649

set the subsampling rates J1 = J2 = J3 = 5 for the AEM enhanced MLDA method [17]. This setting results in 60,000,650

300,000, and 1,500,000 samples for the coarser fidelities. The proposal distributions for both the methods are set to651

Gaussian random walks with covariance matrices tuned to achieve an acceptance rate of approximately 44% for all652

levels. Further, we only use adaptation and no resynchronization for this problem for the SYNCE algorithm. We run653

5 independent runs of the ML-MCMC algorithm for both the coupling methods and assume that the cost of evaluating654

each model follows the decay law: Cℓ = 0.001 × 2ℓ with γ = 1 (see supplementary material Assumption S1.1). The655

reported minimum correlation ρL is the median (over 5 runs) of the minimum correlation between the L and L−1 level656
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chains across all 6 parameter dimensions. The minimum ESS is computed similarly using the finest level samples.657

Total cost is Ctot =
∑L
ℓ=0 NℓCℓ. The comparisons are summarized in Table 3 for two, three and four levels.

Table 3: Comparison of the SYNCE coupling method with the AEM enhanced MLDA method for the prey-predator problem. While MLDA-AEM
achieves high correlation and ESS for few levels, its exponential cost scaling results in poor efficiency per unit cost as the number of levels increase.
In contrast, SYNCE demonstrates superior scalability, achieving twice the sampling efficiency in the four-level case.

Method Ctot Min. ρL Min. ESS Min. ρL/cost Min. ESS/cost

Two-level comparison
MLDA-AEM 84 0.75 753 0.0089 8.96
SYNCE 36 0.60 226 0.0167 6.27

Three-level comparison
MLDA-AEM 468 0.50 971 0.0010 2.07
SYNCE 108 0.61 326 0.0056 3.02

Four-level comparison
MLDA-AEM 2436 0.40 1374 0.0001 0.56
SYNCE 252 0.60 299 0.0023 1.18

658

MLDA with AEM consistently achieves high raw ESS across all level settings, demonstrating that the AEM effec-659

tively mitigates posterior discrepancies. However, this gain in sampling efficiency comes by recursive subsampling,660

forcing the coarse chains to run significantly long chains to serve as good proposals for the finer levels. As shown661

in Table 3, the total computational cost for MLDA-AEM grows exponentially with the number of levels, with the four-662

level case being nearly an order of magnitude more expensive than SYNCE at the same level. In contrast, SYNCE663

relies solely on the pairwise coupling of adjacent fidelity levels, avoiding the dependence on long coarser chains.664

This decoupling isolates the correlation performance from the number of levels, resulting in linear cost scaling and665

consistent correlation across levels.666

It is important to distinguish between mixing efficiency and coupling quality. The lower ESS observed in SYNCE667

is primarily due to the choice of proposal distributions rather than the coupling strategy itself. Since SYNCE’s mixing668

properties depend primarily on the proposal distributions (see Section 4.3), its sampling efficiency can be improved by669

integrating advanced proposal mechanisms. For instance, employing transport map proposals [35] could significantly670

enhance mixing while retaining strong correlation. We leave this exploration for future work.671

Ultimately, when evaluating efficiency per unit cost, SYNCE demonstrates superior scalability compared to672

MLDA-AEM as the number of fidelity levels increase. In the two level case, MDLA-AEM achieves higher corre-673

lation and ESS, but at double the computational cost, rendering per unit cost metrics similar for both the methods.674

However, at the four-level setting, the computational overhead and posterior mismatch lead to pronounced efficiency675

degradation for MLDA-AEM. While MLDA-AEM excels for few closely related models, SYNCE is more suitable676

for problems with a large hierarchy of models and significant posterior dissimilarities. A detailed visualization of the677

posterior distributions for both methods is provided in S2.678

5.4. Groundwater problem679

To assess whether SYNCE’s parameter coupling strategy achieves effective variance reduction in forward uncer-680

tainty quantification, we consider the 2D Darcy’s subsurface flow equation. This is the model problem explored in681

great detail in [12, 15, 20]. The exact problem is taken from [20] and the governing equation of the problem is given682

by:683

−∇x · (κ(x, θ)∇xu(x, θ)) = 1, x = (x1, x2) ∈ Ω = [0, 1] × [0, 1], (17)

where κ represents the permeability, u represents the pressure head and θ ∈ Rd, d = 4 represents the uncertain684

parameters. We close the equations by providing boundary conditions on the domain as:685

u|x1=0 = 0, u|x1=1 = 0, ∂nu|x2=0 = 0, ∂nu|x2=1 = 0, (18)
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Figure 8: Decay of error plots for the groundwater problem. The independent proposal coupling and the SYNCE-AR methods are compared. Our
method leads to almost an order of two gain in variance reduction compared to the result from [20].

where ∂n is the normal derivative with n pointing outwards from the domain. The first two conditions are the Dirichlet686

boundary conditions applied on the left and right boundary of the domain, and the last two conditions are the Neumann687

boundary conditions applied on the bottom and top boundary of the domain. The permeability field is given by [20]:688

κ(x, θ) = exp
(
θ1cos(πx) +

θ2

2
sin(πx) +

θ3

3
cos(2πx) +

θ4

4
sin(2πx)

)
(19)

The inverse problem is to infer the uncertain parameters θ = [θ1, θ2, θ3, θ4] given some observed pressure head689

data. We generate this data by solving the forward problem Eq. (17) on the finest grid with a random sample of690

θtrue ∼ N(0d,Id) and observing the pressure head corrupted by a Gaussian noise at 4 × 4 equally spaced points inside691

the domain. Gaussian noise is added to the observed data with a zero mean and variance σ2
noise = 0.012. We set the692

number of levels L = 4 and for each level ℓ, the solution of Eq. (17) is obtained using the finite element method with693

a mesh size of 8 ∗ 2ℓ × 8 ∗ 2ℓ triangular elements, using the FEniCS library [41].694

The number of levels in the original problem in [20] is set to L = 3 with the coarsest mesh at 16 × 16 triangular695

elements. We set the number of levels to L = 4 with the coarsest mesh at 8× 8 triangular elements as we can leverage696

the SYNCE coupling method to correlate samples even at very coarse levels. This is a direct consequence of the fact697

that the SYNCE coupling method does not depend on the closeness of the posteriors to correlate samples.698

The quantity of interest (QoI) is the average pressure over the domain given by:699

Qℓ(θℓ) =
∫

x∈Ω
uℓ(x, θℓ)dx, (20)

where Ω is the domain of the problem.700

To empirically verify that SYNCE satisfies the decay rate assumptions required for ML-MCMC estimator con-701

vergence (see supplementary material Assumption S1.1), we run Algorithm 2 with the proposed states obtained from702

Algorithm 9. We set the number of samples in each level to 10,000 and consider the first 4,000 samples as burn-in.703

We run the algorithm for 10 independent runs and plot the decay of errors. For the coarsest chain (ℓ = 0), we set the704

target acceptance ratio as 44% and run an adaptive MH-MCMC algorithm for that level. The two level wise adaptation705

parameters, the target acceptance ratio and the weight for resynchronization are set to 70% for each level (ℓ > 0) and706

ω = [0.0, 0.3, 0.5, 0.7]. These parameters were chosen to ensure low lag and high correlation between the samples at707

each level.708

Fig. 8 compares our proposed methodology to an existing result using the independent proposal coupling method [20]709

for the same problem. The results for the independent proposal coupling method were obtained by digitizing Fig. 12710

in [20]. We observe that the SYNCE-AR method leads to greater variance reduction for all the level wise difference711

estimators Ŷℓ. Even though we use a coarser level compared to the original work, we are able to achieve almost an712

order of two gain in variance reduction at all levels. This is a direct consequence of the proposed coupling method that713
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is able to correlate samples even at very coarse levels. The correlation values for the output functional at the different714

levels are: 0.84, 0.97, 0.99, 1.0 for ℓ = 1, 2, 3, 4.715

6. Conclusions716

We introduced SYNCE, a new coupling methodology for multilevel Markov chain Monte Carlo estimators that717

achieves superior variance reduction compared to existing coupling approaches. Variance reduction in these estimators718

depends on the correlation between the samples at successive fidelity levels, which in turn depends on the coupling719

strategy used to construct the joint proposal distribution for the two chains. Existing coupling strategies depend on720

some form of overlap or similarity between the posteriors at different levels to correlate samples. This dependence721

limits the effectiveness of these coupling strategies when the posteriors are dissimilar or non-overlapping, which is722

often the case in practical applications. SYNCE however, does not depend on this overlap and couples chains by723

proposing the same noise in the Gaussian random walk proposals for both chains. We rigorously proved the existence724

of a joint invariant measure for the SYNCE kernel and established geometric ergodicity under standard assumptions.725

We also showed that the convergence rate of SYNCE is superior to existing coupling approaches when the posteriors726

are dissimilar or non-overlapping.727

By utilizing adaptation and resynchronization, SYNCE adaptively rescales the proposal distributions and resyn-728

chronizes the chains to enhance correlation. Adaptation helps in accounting for the differences in the covariance729

structure of the posteriors at different levels, while resynchronization helps in promoting better mixing properties of730

the chains when posteriors are quite close. These enhancements enable the use of coarser model fidelities in the es-731

timation procedure, yielding substantial computational savings. Numerical experiments on synthetic and real-world732

problems validate the effectiveness of the proposed methodology.733

The SYNCE coupling method is the baseline realization of the proposed coupling framework we have set up.734

Future work will includes exploring more general and nonlinear couplings. Transport maps [35, 34] may help with735

mixing properties of the fine chain by learning from the coarse chain. Another possible extension to this work is736

to explore the use of the SYNCE coupling methodology in the context of approximate control variates. These esti-737

mators provide additional performance improvements by using a control variate weight that is estimated adaptively.738

Additionally, the proposed methodology can be extended in the unbiased estimation context to eliminate the burn in739

bias [22, 23].740
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Appendix A. Proof of Theorem 4.1750

We prove Theorem 4.1 by establishing that the coupled kernel in Eq. (10) is ψ-irreducible and aperiodic, and that751

it satisfies minorization and drift conditions.752

Lemma A.1 (ψ−irreducibility). Under Assumption 4.1, the coupled kernel pSYNCE
ℓ

in Eq. (10) is ψ-irreducible.753
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Proof. Let ψ be the Lebesgue measure on X2. There exists a rectangle K2 = K × K ∈ A with positive measure for754

any set A with ψ(A) > 0. Here, K = {x : |x| ≤ RK} for some RK > 0, a ball of radius RK . For any starting pair755

θℓ = (θℓ, ϑℓ−1) ∈ X2,756

pSYNCE
ℓ (θℓ, A)

≥ pSYNCE
ℓ

(
θℓ,K2

)
,

≥

∫
X2

min
(
αℓ

(
θℓ, θ

∗
ℓ

)
, αℓ−1

(
ϑℓ−1, ϑ

∗
ℓ−1

))
Γℓ

(
θℓ | dθ∗ℓ

)
δθ∗

ℓ
(K2),

≥

∫
X

min (αℓ (θℓ, θℓ + η) , αℓ−1 (ϑℓ−1, ϑℓ−1 + η))1K2 (θℓ + η, ϑℓ−1 + η) q(η)dη.

Recall from Algorithm 8 that the proposed samples are generated by θ∗ℓ = θℓ + η and ϑ∗ℓ−1 = ϑℓ−1 + η where η ∼ q, q =757

N(0,Cℓ). The third inequality arises by restricting on the event that both marginals propose into the set K i.e, θℓ+η ∈ K758

and ϑℓ−1 + η ∈ K. For this condition to hold, the increment η must satisfy η ∈ B = {x : |x| ≤ RK +max {|θℓ |, |ϑℓ−1|}}.759

By assumption (A.3), q(η) is bounded below on the set B. Also, for positive and continuous πℓ, πℓ−1 as stated in760

assumption (A.2), min
(
αℓ

(
θℓ, θ

∗
ℓ

)
, αℓ−1

(
ϑℓ−1, ϑ

∗
ℓ−1

))
> 0. Therefore pSYNCE

ℓ

(
θℓ,K2

)
> 0. Because the above holds761

for any set A with positive Lebesgue measure and any starting point θℓ, the kernel is ψ-irreducible for n = 1. Further-762

more, aperiodicity follows because the kernel is ψ-irreducible and the chain can stay in the same state with positive763

probability.764

□765

Lemma A.2 (Minorization condition). Under Assumption 4.1, the coupled kernel pSYNCE
ℓ

in Eq. (10) satisfies a one766

step minorization condition on any compact set S ∈ X2.767

Proof. Let Cℓ,Cℓ−1 ∈ X be compact sets, both contained in B(0,R) and define C = Cℓ × Cℓ−1 as the set of starting768

points. Let B be the set from assumption (A.3) i.e, B :=
{
η : |η| ≤ δq

}
. Define the intersection set D as the larger769

compact set containing all possible proposals D := {(θℓ + η, ϑℓ−1 + η) : η ∈ B}. Then, for any starting point θℓ ∈ C and770

any set A ∈ X2, we have771

pSYNCE
ℓ (θℓ, A)

≥

∫
X2

min
(
αℓ

(
θℓ, θ

∗
ℓ

)
, αℓ−1

(
ϑℓ−1, ϑ

∗
ℓ−1

))
Γℓ

(
θℓ | dθ∗ℓ

)
δθ∗

ℓ
(A).

≥

∫
B

min (αℓ (θℓ, θℓ + η) , αℓ−1 (ϑℓ−1, ϑℓ−1 + η))1A (θℓ + η, ϑℓ−1 + η) q(η)dη,

From assumption (A.2), the posterior densities πℓ, πℓ−1 are bounded above and below away from zero on any compact772

set. Therefore,773

min (αℓ (θℓ, θℓ + η) , αℓ−1 (ϑℓ−1, ϑℓ−1 + η)) ≥
πmin

πmax
.

We also use assumption (A.3) to bound q(η) below by ϵq > 0 on the set B. Therefore,774

pSYNCE
ℓ (θℓ, A) ≥ ϵq

πmin

πmax

∫
B
1A (θℓ + η, ϑℓ−1 + η) dη.

The integral term represents the volume of the set A reachable by the synchronized proposal from θℓ. Because we are775

proposing the same increment η to both chains, this volume is non-zero only when A contains points along the line776

defined by {(θℓ + η, ϑℓ−1 + η) : η ∈ B}, which is not the case in general. Hence this term does not define a non-trivial777

probability measure. However, since the chain is ψ-irreducible (Lemma A.1) and possesses a continuous density, we778
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can utilize Theorem 6.2.5 from [42] to guarantee that any compact set C is small. Intuitively, this theorem states that779

as long as the kernel has a continuous density (the same step move) and is ψ-irreducible (eventually visit any state),780

then it guarantees that minorization holds on any compact set. Therefore, this theorem guarantees the existence of a781

non-trivial measure ν(A) and a constant δ > 0 for the minorization condition:782

pSYNCE
ℓ (θℓ, A) ≥ δν(A). (A.1)

Furthermore, the minorization constant scales as δ ∝ ϵqπmin/πmax, where the proportionality constant depends on the783

overlap of the proposal distribution with the compact set C [44].784

□785

Lemma A.3 (Drift condition). Under Assumption 4.1, the coupled kernel satisfies a drift condition with Lyapunov786

function V̂ℓ = 1/2 (Vℓ + Vℓ−1), where V j are the marginal Lyapunov functions for j = {ℓ, ℓ − 1}.787

Proof. The proof adapts the strategy from [21]. Under Assumption 4.1, the marginal random walk chains with kernels788

pℓ, pℓ−1 satisfy drift conditions (Lemma 4.1 item (B.2)). Define the joint Lyapunov function as789

V̂ℓ (θℓ) =
1
2

(Vℓ (θℓ) + Vℓ−1 (ϑℓ−1)) , (A.2)

and S = S ℓ × S ℓ−1 where S ℓ and S ℓ−1 are the marginal small sets. Precisely, S ℓ := {θℓ ∈ X : Vℓ(θℓ) ≤ ∆ℓ} and790

S ℓ−1 := {ϑℓ−1 ∈ X : Vℓ−1(ϑℓ−1) ≤ ∆ℓ−1}. The goal is to show that pSYNCE
ℓ

satisfies the drift condition with joint791

Lyapunov function V̂ℓ and joint small set S .792

The state θℓ can either lie in S or outside S . If θℓ < S , then there are three possibilities — θℓ ∈ S ℓ, ϑℓ−1 < S ℓ−1;793

θℓ < S ℓ, ϑℓ−1 ∈ S ℓ−1 and θℓ < S ℓ, ϑℓ−1 < S ℓ−1 In the first case, we have794

pSYNCE
ℓ V̂ℓ (θℓ) ≤

1
2

(ΛℓVℓ (θℓ) + Λℓ−1Vℓ−1 (ϑℓ−1)) +
bℓ
2
,

Since ϑℓ−1 < S ℓ−1, we have that Vℓ−1 (ϑℓ−1) ≥ ∆ℓ−1. Therefore,795

V̂ℓ (θℓ) =
1
2

(Vℓ (θℓ) + Vℓ−1 (ϑℓ−1)) ≥
1
2

(1 + ∆ℓ−1) ,

which implies that 1/2 ≤ V̂ℓ (θℓ) /(1 + ∆ℓ−1). Using this in the previous inequality, we get796

pSYNCE
ℓ V̂ℓ (θℓ) ≤

1
2

(ΛℓVℓ (θℓ) + Λℓ−1Vℓ−1 (ϑℓ−1)) +
bℓ

1 + ∆ℓ−1
V̂ℓ (θℓ) ≤

(
max (Λℓ,Λℓ−1) +

bℓ
1 + ∆ℓ−1

)
V̂ℓ (θℓ) .

Note that max (Λℓ,Λℓ−1) + bℓ/(1 + ∆ℓ−1) < 1 because Λ j < 1 and 0 < b j < ∞ for j = {ℓ, ℓ − 1}. The second case is797

similar and leads to a similar inequality,798

pSYNCE
ℓ V̂ℓ (θℓ) ≤

(
max (Λℓ,Λℓ−1) +

bℓ−1

1 + ∆ℓ

)
V̂ℓ (θℓ) .

The third case leads to799

pSYNCE
ℓ V̂ℓ (θℓ) ≤ (max (Λℓ,Λℓ−1)) V̂ℓ (θℓ) .

Combining all three cases, we have that for θℓ < S ,800

pSYNCE
ℓ V̂ℓ (θℓ) ≤ Λ̂V̂ℓ (θℓ) , (A.3)

Λ̂SYNCE = max (Λℓ,Λℓ−1) +max
(

bℓ
1 + ∆ℓ−1

,
bℓ−1

1 + ∆ℓ

)
< 1.
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Finally, if θℓ ∈ S , then801

pSYNCE
ℓ V̂ℓ (θℓ) ≤

1
2

(ΛℓVℓ (θℓ) + Λℓ−1Vℓ−1 (ϑℓ−1)) +
1
2

(bℓ + bℓ−1) ≤ Λ̂SYNCEV̂ℓ (θℓ) + b̂,

where b̂ = 1/2 (bℓ + bℓ−1). Combining Eqs. (A.3) and (A.4), we have that the coupled kernel pSYNCE
ℓ

satisfies a drift802

condition with Lyapunov function V̂ℓ given by803

pSYNCE
ℓ V̂ℓ (θℓ) ≤ Λ̂SYNCEV̂ℓ (θℓ) + b̂1S (θℓ) . (A.4)

□804
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